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Geometry

Reconstruction of polyhedral objects

I I~ I '4

cf: file:/home/wf/slides/PCV02-Tutorial- HTML/Part-I/img3.htm
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e points, lines and planes in object space
e points and lines in image space
e projecting lines and planes

e straight line preserving mappings:

projection matrix, fundamental matrix, homographies

all easily representable within projective geometry
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Uncertainty

inherent to mensuration
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e simple representation by probabilities, very good approximation
e representation by covariance matrices

e propagation under linearity and nonlinearity

decisions depend on uncertain quantities
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Multiview Geometry

e One, two, three and more images
e points and lines

e prediction and constraints
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Bottom-Line
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e Ease of using projective geometry

A=T (L)X

N
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e Freedom of using camera models

VA
x'=P(q) X =K(q) R[I|-Z]X
X
equivalent to
X —-X Y -Y 3(Z — Z,
o = CT11( 0) + 712( 0) +713( 0) + A (q)
Tgl(X — Xo) + 7"32(Y — Yo) + T‘33(Z — Zo)
ro1(X — Xo) +1r22(Y — Yo) +123(Z — Z,
y/ - ¢ 21( O) 22( O) 23( 0) +Ay(q)l
T‘31(X — X()) + 7‘32(Y — YO) + 7‘33(2 — Z(])
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e Simultaneous use of points and lines

x = PX
1/ = QL T |Al’7Al”7Al”'7A| = 0
T L, L, = 0
Ay, = PTY |A, Ay, A A, = 0
T
L, = Q%
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e Direct, linear approximate solutions

/ / / I\~
A(x71, 110, %73, 154) X7 = 0
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e Integration of statistics

x'1=0 [x,y,z]=0 [l,m,n|=0
‘0 /X:/_ X v ‘B
XTA=0 Flux=0 XY{AB=-BA)Y =0 |A,B,,D|=0
L M z
LTM =0 r(LA=0 [X.Y,ZW|=0

d=TTWA=T"AL — T=d"5jd~x
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Uncertainty Propagation

General task:

Given:
stochastical vector & with pdf p,(x)
vector valued function y = f(x)

unknown:

pdf p,(y) of y = f(z)
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Discussion:
e several methods (cf. Papoulis)
e often high effort, sometimes not possible.
e Preservation of type of pdf for linear functions f (Uniform, Gaussian)

e Approximate uncertainty propagation if Hessian (curvature) of f and
variances of z; are small
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Propagation of Mean and Variance

Theorem: Error propagation

If
E(z) = p,, V(z) = Xpw and y = f(2)
then in a first order approximation
E(y) = MKy = fles), V(E) =Dy = JEMJT

with the Jacobian

=%
ox
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Discussion:
e pdf needs not be known
e if f is linear, then error propagation is rigorous
o if f(x) = Az + a is linear and pdf is Gaussian, then y is Gaussian
@~ Ny, ) —  y=NAp, +a, AL, AT)
e Error of approximation depends on
Hessian, curvature of f

—— Covariance matrix, uncertainty of x
(second order approximation of p,,)
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Ezample 1: scalar function of scalar value (arbitrary pdf)

1 1
E(y) = py = f(pa) + 51" (a)o + ﬂf“)m +O0(f™ m,)  n>4

V(g) _ 0_5 _ f/Q(Hx)U?E + f/(,uz)gm(/j’m)Tn4 + O(f(”>,mn) n>4
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Ezxample 2: scalar function of vector:
1
E(g) = My = f(”’z) + §trace(H|Z:um'2zz) + O(f(n)z m/n)7 n > 4

Normalization of a vector

w;

|w

zZ=1— Eww:(jil 2 =

leads to

p‘w 1 ll‘w 2 ll‘w ( 1 01211 )
Blz) =t = o2 = Fuw (12
& = ]~ 2T 7 Tl \ T 2T P

bias(u)/o, ~ directional error (usually < 1 %)
also

bias(c)/o, ~ directional error (usually < 1 %)
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‘When are covariance matrices sufficient for representing
uncertainty?

e if the distribution of the original observation can be approximated by a
Gaussian

can be tested (Kolmogoroff-Smirnov-Test), not discussed
e if the functions are smooth with respect to the relative precision

e this is the case in multi view geometry,
except for reconstruction of objects which are small in the image
(say, less than 10 pizels)
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Optimal Testing

Principle

Given:
1. Null-Hypothesis Hy to be checked
2. Alternative Hypothesis H,, possibly parametrized;
3. Observations x

Fair argumentation:
not: Prove Hy (never possible)
but: Try to reject Hy, —

1. either data cannot be used to reject Hy

2. or data give no reason to reject Hy

Wolfgang Forstner Page 24 ISPRS Congress, Istanbul, July 13th, 2004
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Procedure: Test

1. Derive test statistic
T = f(=)
2. Derive pdf of T under the assumption that Hy holds
T|Hy ~ prim, (t)

3. Choose acceptance region A and rejection region R for T" and
siginificance number « or significance level S such that

PleAd)=S=1-a PTeR) =a=1-S5

Wolfgang Forstner Page 25 ISPRS Congress, Istanbul, July 13th, 2004

<‘1\ Institut fiir Photogrammetrie

Universitit Bonn Projective Geometry for Orientation

el

4. Decide:
(a) if T € R, then reject Hy in favour of H,.
Decision may be wrong with probability «
(b) if T € A, then do not reject Hy in favour of H,.
Decision may be wrong with probability 8 = f(T, Hy, H,).
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Example:

Given observations collected in n-vector
Hypotheses

Hy: E(x)=a against H,: E(z)#a

Test statistic
T=(x—a)"2"(x—a)

Distribution if Hy
z|Hy ~ N(a,%), rank¥ =r — T|Hp~ x> =pr(t)

Siginificance number

«
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Acceptance region, critical value k

k
A= ([ka”/() prt)dt=1—qa)= [0:X3,1_a] r = rank(X)

Decision:
1. If T' > k then mean value is not a

2. else there is no reason to assume that pu # a
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Discussion:
1. Pseudo inverse from
Y=RAR" -  YT=RA'R'
with
/A, if N #0

0, else

A" = Diag(\}) with A

~+

2. if covariance matrix regular, then Mahalanobis distance
T=(x—-a) 2 Yz—a) T|Hy ~ x2

3. if test of single value x then test statistic

r—a

z|Hp ~ N(0,1)

z =
(e
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Direct Estimation with Algebraic Minimization

often constraints between
observations I and
unknown parameters

are linear in unknown parameters

!
ATz =0
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Algebraic minimization:
~T ~ . ~
ZAT()-A)Z — min [T =1

Solution
uE = {AT(l).A(l)] z  |3l=1
thus using singular value decomposition (SVD)

Aly= U A VT
NxU NxN NxU UxU

then optimal estimate is last column vy of V = (vy,...,vy)
T =uvy or Ty = Vau

corresponding to smallest singular value

not optimal, arbitrary scaling of constraints — conditioning (below)
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Main result:

Linear relations simplify error propagation.
Linear relations simplify testing.
Linear relations simplify estimation.
Projective geometry leads to linear relations!
Projective geometry simplifies multi view relations!

Use projective geometry
for uncertain geometric reasoning

in Photogrammetry
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Representations in Projective Geometry I

Views
e Vectors and matrices for geometric entities and transformations
e Algebra of join (link) and meet (intersection) of geometric entities
e Change of space: Plane to shere to capture elements at infinity
Basic concepts
e Homogeneous coordinates and matrices

e Multilinear relations
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Representation of Geometric Entities

Geometric entities:
Points, lines, planes, conics, ...

transformations

Representations:

Vectors, matrices

Homogeneity:
The algebraic entity a is called homogenous
if a and Aa, with \ # 0 represent the same geometric entity.
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Notation:
‘ H 2D ’ 3D ‘ transformations
Euclidean x X R
Homogeneous || I, x | A, L, X H
Euclidean and homogeneous entities
‘ element H 2D 3D

lanes A, B, ..

P dx1’ ax1’
lines Il , m,..| L, M, ..

3x1’ 3x1 6x1’ 6x1
oints X .. | X,Y,..

P 3x1’ 33;1’ 4x1’ ax1’

Basic geometric entities
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Represention of points, 2D-lines and planes

Hessian normal form: Incidence relation of 2D-point and 2D-line
cos ¢
xcosg +ysing —d=0 > [z,y,1] | sing | =0
—d
e point and line represented as 3-vector
e redundant representation, 2 d. o. f.

e limited: no element at infinity, e. g. intersection of parallel lines
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points x in the plane
(2 d. o. f., result of observing image point)

T U T
Zo
X = €T = v =W =
3x1 72 N i zh
T3 w 1

e partitioning: Euclidean part &g, homogeneous part xj

e distance to origin
_ o]

dzO =
zn]

Wolfgang Forstner Page 39 ISPRS Congress, Istanbul, July 13th, 2004
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e points at infinity with w = x5 = 0 at horizon

u

in direction (u,v) (let lim,_ox)

e Euclidean normalization if w # 0 (no new information)

X
Xt =—
Th
e Spherical normalization
X
x® =N(x) = —
I
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The projective space

Fuclidean plane:
IR?, represented by 2-vectors x
two points @ and y are identical if

Projective plane:
IP2, represented by 3-vectors x # 0
two points x and y are identical if

T :Ay271:15273
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Visualization of points:

1. Lines in IR? through origin
horizontal lines represent points at infinity

Intersection with horizontal plane w = 1 yields Euclidean plane

2. Intersection with unit sphere S? yields projective plane
Points x* € §2, x® &2 —x*
points on equator represent points at infinity.
(to Cinderella)

3. Points x € IR? \ 0, only direction is relevant, x = —x
points in plane w = 0 represent points at infinity
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N \
T
2D-point, Euclidean and spherical homogeneous coordinates
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2D-point, Euclidean and spherical homogeneous coordinates
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lines 1 in the plane
(2 d. o. f., result of edge extraction in image)

l a Cos ¢ ;
3>1<1: lb |=]0b|=Vva+b| sing | = lih
I3 c —s 0

e inversion for lines a? + b2 # 0

Cc

s = 7W ¢ = atan2 (b7 G)

e partitioning: Euclidean part [y, homogeneous part Ij

o distance to origin

lo
i = Lol
[2n]
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e lines at infinity with {;, = 0: horizon
0
0
loo = = 0
1
1
proof: let
_cos¢
d
lim _sing
d—oo d
1

e Euclidean normalization if a® + b2 # 0 (no new information)

1 1

fF= — = ——
|lh| vV a2 + b2
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e Spherical normalization
1° = N(1)

Wolfgang Forstner Page 47 ISPRS Congress, Istanbul, July 13th, 2004



N Institut fiir Photogrammetrie .. . .
(@ Universitit Bonn Projective Geometry for Orientation

Visualization of lines in P2

1. Planes in IR? through origin.
Intersection with horizontal plane yield lines in R?2

Horizontal plane represents line at infinity.

2. Great circle: intersection of plane with unit sphere s?

(to Cinderella)
3. Normal 1 to planes in IR? through origin,
as x-1 =0, any length

4. Normalized normal 1° € S2
normal is pole to great circle
line is represented by pole on S2

Wolfgang Forstner Page 48 ISPRS Congress, Istanbul, July 13th, 2004
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) £, cos@,sing,—d)

2D-line, Euclidean and spherical homogeneous coordinates, plane
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\I=
<

2D-line, Euclidean and spherical homogeneous coordinates
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Relations

e Incidence of point and line

x"=xl=< x,1>=0 or lp-xg+zplyg =0

Wolfgang Forstner Page 51 ISPRS Congress, Istanbul, July 13th, 2004
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e Intersection of two lines
x=1Nm < (x1=0and xm = 0)
therefore
Xx=1xm
or
x=S(I)m

with skew symmetric matrix (axiator)

0 I3 I
SH=1|1s 0 =i | =[x
—lo I 0
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e Join of two points
l=xAy«< (Ix=0and ly=0)
therefore
l=xxy
or
1=S(x)y

with skew symmetric matrix (axiator)

0 —X3 T2
S(x) = T3 0 -z | =[x]x
—XT2 Ty 0
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Incidence of 2D-point and 2D-line, x¢ L 1¢ etc.
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Intersection x* = N(I° N m?®) and join 1° = N(x® A y*).
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e Identity of points

X = Ay or Zo _ Y% or N(x) = N(y)
Th Yn
thus
xxXy=0 or ThYo — Ynxo =0

o Identity of lines

l
1= m  or ﬁ:% or  N(1) = N(m)
thus
Ixm=0 or lhm()*mhmo:o

e If x and y generate line 1, then all points

z=ax+by el

Wolfgang Forstner Page 56 ISPRS Congress, Istanbul, July 13th, 2004
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Representation of 3D-Points and Planes

points X in space
(3 d. o. f., result of 3D reconstruction, grouping)

X1 U X

eV Y X

ax1 X; W Z X,
X, T R

e inversion for points 7' # 0

U |4 w

e partitioning: Euclidean part X o, homogeneous part X
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e distance to origin
_ [ Xl
| X

e points at infinity with 7' = X} = 0 at celestial sphere

dxo

Xo
0

Xoo =

in direction (U, V, W) (let limp_o X)

e Euclidean normalization if T' # 0 (no new information)

xe = X
Xn
e Spherical normalization (X € IP3)
. X
X* = N(X) = =
X
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planes A in space
(3 d. o. f., result of 3D reconstruction, grouping)

A A COS (/1
A B cos o A
A — L — /A2 + B2+ C2 L h
4x1 As C CoS (3 Ao
Ay D =S
e inversion for Planes A%2 + B2 4+ C? #0
D A;
S = Qi = arccos :

VA2 + B2 +(C? VAT + A% + A2
e partitioning: Euclidean part A, homogeneous part Ay

e distance to origin

dao = =20
AO |Ah|
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e plane at infinity with Ay = 0: celestial sphere

==}
= o O O

e Euclidean normalization if 7' # 0 (no new information)

A A

N
|[An| A2+ B2+ C?

e Spherical normalization

A =N(A)
AcP?
3D-lines?
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3D-Lines (I)

3D-lines have 4 degrees of freedom:
two points in given planes or two planes, e. g. parallel to Y- and Z-axis.
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Julius Plucker
1801-1868

Mathematician
Discoveries in electronics

1829 Bonn
1834 Halle
1847 Bonn

Neue Geometrie des Raumes gegriindet auf die Betrachtung der geraden
Linie als Raumelement (1868-69)
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PLUCKER matrix
r= XYT - vxT

4x
or
i X]

vig = XiY; — XY =
e Diagonal of Pliicker matrix=0: v;; = 0
e antisymmetric: v;; = —7;;
o six different values v;;,7 # j
e rank 2-matrix
Wolfgang Forstner Page 63 ISPRS Congress, Istanbul, July 13th, 2004
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Y L
X / \%
e Change of generating points /O/ U

(X,Y) — (U, V) = (aX +bY, X + dY)

Us Uj | | ad Xi X
Vi Vi| |ed]|v oy
yields
a b
Yij e d Yij

same matrix, homogeneity
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Choice on sequence of elements

Lg
A
from [ = :line L = X A'Y joining two points
Ly . .
Ly Ly Ljs
V41 X4 - Y Xy
Va2 XyYo =Y, X5
: X4Y3 — Y, X XYoo -V, X
L —XAY = Y43 _ 413 4413 _ o h<%0
Gx1 V23 XoYV3 — Y2 X3 XoxYy
Y31 X3Y1 — Y3X,
| 712 | | Xi¥e —Y1Xy |
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3D-lines can be represented with 6 parameters: {Ly, Lo}
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PLUCKER-coordinates

Ly
Ly
L: L
L
Ls
Le

e direction vector Ly, homogeneous part
e normal vector Ly, Euclidean part

e homogeneous vector

e Pliicker constraint

Lyl L, LoL,=L{L,=0
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e Distance from origin

| Lol
dro = +—+—
LO ‘th
from area A of triangle (OXY)
Y
Xy Yo Y, Xo
2= |— X —|=|——-—7—|d
‘ Xh Yh Yh Xh Lo
X
e line at infinity
0
L, =
Ly

great circle at celestial sphere with normal Ly
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e Euclidean normalization

EL: L
|Lh‘
with unit direction vector
L,
eL _ v
h
|Ln|
and
dro = | “Lo|
e spherical normalization
o L
IL|
(L € P5)
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Duality I
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o “/

1 2 Observation:
all statements appear in pairs with points and lines exchanged
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Duality in 2D
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Duality:

Correspondence of relations due to construction.

point x line 1
join x Ay of points intersection 1 N m of lines
point x on line 1 line 1 through point x
collinearity of points x, y and z | concurrency of lines 1, m and n

Duality relations in 2D

‘We use notation

Il=xAy o—e x=1Nm

Wolfgang Forstner Page 74 ISPRS Congress, Istanbul, July 13th, 2004



Universitit Bonn Projective Geometry for Orientation

(jg) Institut fiir Photogrammetrie

Formally:
l:i:Dgx with Dgzlg
point x and dual line 1 = X have identical coordinates.

Inner product of two vectors

<X,y >u= XTMy

Determinant
D=|x; y,z|=xI=<x1>=xl=x"1
l=yAz
and
D=|; mn |=1X=<lx>=1lx=1Tx
x=mAn
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y
L Fax
=X 3 s

\—1 Irl/

4/, X

Point
x and dual line 1 = X. Pole x and polar line 1 = X.
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Duality in 3D: Points and Planes

e points and planes by analogy

e lines?
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Duality points and planes

Formal:
A=X=D,X with Dys=1,
point X plane A
join X A'Y A Z of points intersection A N B N C of planes
point X on plane A plane A through point X
coplanarity of points X, Y, Z and U | concurrency of planes A, B, C and D

Duality relations in 3D; points and planes
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Duality of 3D-points and planes
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— Break —
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Duality with 3-Lines

Line from two planes, dually to line from points

Pliicker matrix from planes

G =ABT —BAT

4x4
or
% Bz
i Bj
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relation between Pliicker matrices ' from points and G from planes
r=XY"-YX" oe G=AB"-BA
O Y

If line X A'Y identical with A N B then

XTA=0 X™B=0 Y'A=0 Y'B=0
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We find ) ) ) _
923 Y41
931 Va2
12 43

g - .

ga1 Y23
ga2 Y31

| 943 | | M2 |

e line ;; is dual to line g;; with same indices
e scaled, first and second 3-vector exchanged
e [ and G equivalent, same information

e representation of 3D-line:
Choice ' = (i5) or G = (gi5) 7
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‘We choose Pliicker coordinates

L] [ La |
Ly Lao
L_ Ln | | Ls | _ | Lss
Ly Ly Los
Ls L3
| Ls | | L2 |

and Pliicker matrix

0 Ly —L31 | —Lp

rL) - Lz 0 Lys | =Laz | | =Sio | —Ln
L3 —Lyy 0 | —Lys L} 0
Ly Lys  Lu3 0
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Value of A for dualling a 3D-line?

- Cannot be decided within our framework
- we choose A =1
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Duality of 3D-lines
The dual L of a 3D-line L is a 3D-line.
Formally

Is 0 Ly Ly

direction L and normal Ly are exchanged.

Dual Pliicker matrix = Pliicker matrix of dual line

0 Lyz  —Lyo | —La3
_ —Ly: 0 L —L
F(L) = I(T) 43 41 st |
Ly —Ly 0 —Lyo

Lo L3 L 0
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line LL line L

coplanarity of lines L and M | coplanarity of lines L and M

Duality relations in 3D; lines
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Duality of 3D-lines
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two partitionings
D = |X,Y,Z,U|
= <X, A>=XA=X"A
= —<LM>=-LM=-L"DgM
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—— Brea k —
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Constraints I
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Constraints in 2D
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ey | K

X

7z

Elements ‘ relation ‘ eq. ‘ d. o. f. ‘
points x, y X=y xxy=0 2
lines 1, m l=m Ixm=0 2
point x, line 1 xel x"1=0 1
lines 1, m llm my, =0 1
lines I, m I||jm 1, mp| =0 1
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Observe: constraints (point on line in 2D)
but 3 algebraic constraints
thus: only two linearily independent constraints

Problem: selection of two linearily independent constraints:

explicit:
0 —z3 2 Y1 0
Sx)y = T3 0 - y2 | =10
—ZT2 X 0 Y3 0
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Solution:

Select maximum absolute value in S(x) with index (jk)
Choose rows j and k of S(x)

Thus independent constraints:

T
e:
7 1Sx)y=0
eT
k
will be generalized
Wolfgang Forstner Page 96 ISPRS Congress, Istanbul, July 13th, 2004
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Constraints in 3D

Basis
D=|X,Y,Z,U =< X,YAZAU>=<XAY,ZAU >
and
D=|A,B,C,D|=<A,BNCND>=<ANB,CND >
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s

X €

3D-elements incidence constraint .o. f.
point X, plane A XeA XTA=0 1
two lines L, M LNM#0 L™ =0 1
point X, line L XelL rMwXx=o0 2
line L, plane A LeA ML)A=0 2
lines XAY, ANB | (XAY)N(ANB)#0 | XT(ABT-BAT)Y =0 1
four points XAYANZAW AU X, Y,Z,W|=0 1
four planes ANBNCND#0 |A,B,C,D|=0 1
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Proof of 4. line:
point X on line L = CN D, say, we prove: X € L=CND — (L)X =0

XeC, XeD-X"C=0,X"D=0——(CD"-DCHX =0
Proof of 3. line, dual proof
Proof of 5.

coplanarity of lines L = X A'Y and M = A N B the we should have
D=XTAB"-BAT)Y=X"TG(ANB)Y =0

D=3 giXi¥; =33 gy(XiY; - X;¥;) = M L=< XAY,ANB >

ki i j>i

Wolfgang Forstner Page 99 ISPRS Congress, Istanbul, July 13th, 2004

0 Institut fiir Photogrammetrie . . . .
(P) Universitit Bonn Projective Geometry for Orientation

Alternative expression for Pliicker constraint (quadratic!)

Ly, Ly=0 . <LL>=L'L=L"DgL=0
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Selection of independent constraints:

M(L)A =0 or T(L)X = 0: rank = 2,

choose two rows ¢ and j with largest element
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Transformations I

Wolfgang Forstner
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Transformations in 2D

Homography: plane to plane
x' = Hx v

or
, _au+bv+cw

:c T ogu+ ho 4w

rational functions:

a b c U
d e f v
g h 1 w

,  du+ev+ fw
Y = —"—"7"
gu + hv 4w

linear in numerator and denominator, same denominator

Wolfgang Forstner
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Issues:
o Use
e Straight line preservation
e Number of parameters
e Jacobian w.r.t. transformation parameters
e Constraints
e Hierarchy of transformations
e Concatenation and inversion

e Transformation of lines
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o Use
O
i)
Projection of plane. Point transfer Camera rotation
via plane for mosaiking
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e Straight line preserving

If three points are collinear, their images are also collinear:
homography is straight line preserving

Ix'.y', 2| = |Hx,Hy, Hz| = [H]* |x,y,2|=0
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e Number of parameters

8, homogeneous matrix

normalize (Frobenius norm)
HI[ =) hi=1
ij
or
max [h;] = 1
ij
N

at least four points or at least four lines

are necessary for determining H

or 1 and 3 points/lines or vice versa
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method cf. below
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e Jacobian w.r.t. transformation parameters

General
x'=H x
3x1 3x3 3x1

With the Kronecker-product this can be written as

h! hlx xT hy
xX'=| hy |x=| hix | = xT hy | =(®x")h
hi hix xT hs

where elements of H row wise are collected in

h = [hi1, hia, ..., has] " = vec(HT)
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vec-operator, stacks columns of matrix

vecA = vec(aq, ...,ay) =
an
Kronecker product takes all products
A® B ={a;;B}

leads to
vec(ABC) = (CT ® A)vecB = (A® CT)vee(BT)

especially
c=Ab=IAb - c=(1®b" )vec(AT) = (b" ® I)vecA

d=a'Be — d=(a' ®c")vec(B") = (¢" ® a")vecB
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e Constraints
between points: 2 constraints, one redundant

xX xHx=0 S(x)Hx=0

cannot be solved for H

—

use of Kronecker-product and vec-operator:
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with colums of H

> Q

IS}

h = vec(H") = - (S(x)@x")h=0

> Q =% o

~.
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or (choose 2)

0 0 0 —w'u —w'v —ww Vu v'v v'w
wu  wv  ww 0 0 0 —v'u —uv —vw
—v'u —v'v —v'w  vu u'v u'w 0 0 0

F T
b
c
d
e | =10
f 0
g
h

L Z -
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e Hierarchy of transformations

projective transformation
8/15 parameters

l

affine transformation
6/12 parameters

l

similarity transformation

4]7 parameters
mation
3/6 parameters
trandation rotation
2/3 parameters 1/3 parameters

Hierarchy of transformations with number of parameters in 2D and 3D
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— Translation ) )
It
H=
o' 1
— Rotation ) )
R O
H=
o' 1

— Motion: rotation + translation or translation + rotation

R t R Rt
o' 1 o' 1
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— Similarity transformation

a b t,
H ARt
o 1| T b a t,
0 0 1
— Individual scaling
sz O
H= 0 s, 0
0 0 1
— Shears: symmetric or assymetric
1 s 1 s 0
H= —s 1 0 H= 01 0
0 0 1 0 0 1
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— Affine transformation:
a b c
H=|d e f
0 0 1
Invariant: ideal points x = (u,v,0)7 stay
u a b c U
ol =1d e f
0 0 0 1 0
— Invariant: parallelity of lines
(interection of parallel lines stay at infinity)
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e Concatenation
FH, = *H; 7H,

Example: translation + rotation

R Rt B R O It
or 1 o' 1 0" 1
Inversion
. -1
"Hj = [ 7Hi]

Example: Translation

It I -t I o
0" 1 0 1 o' 1
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e Transformation of lines
I'=H1T o HT=1
Proof: If x € 1 then x’ € I":
xT=x"HT1=x"I'=
a3

Observe duality: multiplication with transposed matrix from left

x¥ =Hx oe H'T =1
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Transformations of 3D-Points and Planes

Homography: space to space
U/
V/
X' = HX =
W/
T/

2o~ = o
Z o m W
O = Q Q
VN g
N =2 < C

or

AU+ BV +CW + DT
MU+ NV +OW + PT
EU+FV +GW + HT
MU+ NV +OW + PT
U+ JV+ KW+ LT
MU+ NV +OW + PT
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e Use:

— optical projection with lens (cf. Cinderella)

— absolute orientation after relative orientation with uncalibrated

straight line preserving cameras
e 15 parameters
e at least 5 3D-points, 5 planes or 4 3D-lines are necessary

e Transformation of planes

A'=HTA o H'A'=A
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Transformations of 3D-lines

If 3D-points are transformed according X’ = HX then

Proof:

ML) = HI(L)H"

ML) =XY"-Y'XT=HXYH" - HYX"H"

Transformation of Pliicker coordinates?

Wolfgang Férstner
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3D-Motion of 3D-lines:

X, _ R
X o'
then
Ly, |
; =
0
or
with

T || X, X, RX,+ X,T
or =
1 X, X Xy
XY, -vx, | RL),
X} x Y | S(MRL,+RL
L' =H,L
R 0
Hy =
S(T)R R

Wolfgang Forstner
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Summary:

e homogeneous coordinates for points, lines and planes

e duality: symmetry in representation

e casy representable constraints

e transformations homogeneous

e simple direct estimation of geometric entities and transformations

Wolfgang Forstner

Page 125 ISPRS Congress, Istanbul, July 13th, 2004



/j'l-’)> I[J":f\l,g;::; gg:iogrammetrie Projective Geometry for Orientation
Ve Notions . . ... ... 2
v/ ® Basics from Statistics . . ... ... ... ... ..., 16
v/ ® Representations in Projective Geometry . . . .. ... 35
Ve Duality ... ... ... .. ... . ... ... T
Ve Constraints . . . ... ... ... ... ......... 92
v/ e Transformations . .. .................. 103
= e Distances and Signs . . . . ... ... ... ... ... 127

Distances in 2D
Distances in 3D
Signs in 2D
Signs in 3D

e Constructions . . . . . . . ... ... ... ... .... 140

Wolfgang Forstner Page 126 ISPRS Congress, Istanbul, July 13th, 2004

0 Institut fiir Photogrammetrie . . . .
<P Universitit Bonn Projective Geometry for Orientation

Distances and Signs I
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Distances in 2D
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o]

H distances of ‘ from origin

from point y

2D-point x | do = ol oy = [znYo — yno
|Ih‘ ) |.’L’hTyh‘
i Lol Fall
2D-line 1 dp = — dy —
L] Y Jynlal
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Distances in 3D

Wolfgang Forstner
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for Orientation

from point Y ‘

from line M

H distance of ‘ from origin ‘
. [Xo] [XnY o — Xn X0
3D point X | dxo = dxy = ————— see below
Y0 X | X5 Y .
. |L0| |Y0 X Lh — YhLo‘ |E M|
3D line L d — |dy=—— | dipy = ———
R P YL B Ly x M|
| Ao ATY|
3D plane A | dap = —— day = ——— -
b "~ |AJ| v VA
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Proof of dyy:
shift point Y and line L by T = =Y (/Y;, — Y becomes origin.

Proof of dj,ps basedon L=XAY and M =ZAT:

L'M = L]M,+ ML,

= (Xh,YO — YhX())T(Z() X T()) + (ZhTO — ThZO)T(X() X Y())
= [X»Y,Z,To] — Y X0, Zo, To] +
+[ZyTo, X0, Y 0] — [ThZo, X0, Y ]
= [(XnYo—YnXo),(ZTo —ThZo),(ZnXo — XnZ0)]/(XnZ1)
X, Zo
— (L, x M) (2% _ =20
(L x h) (Xh Zh)

projection of XZ onto normal Lj, x M} to L and M
except for scale of Ly, x My,
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Signs in 2D

Relative position of point x and line 1

<x,1>

sign(xrlp)
> 0: point x on same side of 1 as origin

N O\

x-l/sign(x, 15)>0  x.l/sign(x, 1,)<0
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Point y in tringle (x1, X2, X3)

Solve for z
21 n
X1 X2 Xs)
) ) 22 = Y2
Tih Tih T1h
z3 Ys
If

signz; = signzs = signza

then point in triangle

(z; are Barycentric coordinates of y if normalized with y;, = ys
as 21+ 23+ 23 =1)
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Signs in 3D

Relative position of point X and line A

<X,A >
sign(XpAop)

> 0: point X on same side of A as origin

X-A l€gn(X, A))>0 X-A l€gn(X,, Ay)) <0
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Relative position of two lines L and M

<L,M>

> 0: line L can be turned into M by right screw
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3D-line L through 3D-triangle (X1, X3, X3)
If

sign < L, X1 A Xo >=sign < L, X5 A X3 >=sign < L, X3 A X >

then line through triangle

useful for terrain (TIN) visualization
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Interpretation of Matrix Representations
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Constructions I
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e Bilinear or trilinear forms
e Symmetric or antisymmetric

e Matrix-vector products
a=U(b)c= V(c)b

e Matrix representation of geometric entities

da da

up) =5 V=5

linear in b and ¢
e Interpretation of rows and columns

e Basis for simple error propagation
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Constructions in 2D

2D-Line
l=xANy=xXxYy
e antisymmetricl =xAy =-yAx
e Matrix vector product 1 = S(x)y = —S(y)x

e Matrix representation, Jacobian:

—w v
L 0(xxy
S(x) = Oxxy) _ 0 —u
dy
—-vu 0
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2D-Point
x=1lAm=1xm
e antisymmetricx =1Am=-mAl
e Matrix vector product x = S(1)m = —S(m)1
e Matrix representation , Jacobian:
0 —c b
S(1) = c 0 -—a
-b a 0
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Constructions of 3D-Lines
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3D-Line
from two points
X}LYO - }/—}LXO
L=XAY:L=
XO X YO
from two planes
A;,, X B;—,,
L=AnNnB: L=
AoBj, — BoAp
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Matrix representation of point (TT for points and planes)

T 0 0 | -U

0 T 0 |-V
Xnl —-X 0 0 T | -W

a(X/\Y)iTI'(X): h ol _

oY Sx, O 0 -W V| o0

w 0 =U| 0

-V U 0 0

Thus

L=XAY=T(X)Y
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e join is antisymmetric
L=XAY=TTX)Y=-TT(Y)X=-YAX
e rank and null space

rank[TT(X)] = 3 mMX)X=0
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Matrix representation of plane

[0 —¢ B | 0
C 0 —-A] O
ANB — S 0 -B A 0 0
HAOB) - r(a) = DyTT(A) = | -
OB Aol —A, D 0 0 |-A
0 D 0 | -B
0 D | -C
Again antisymmetry
L=AnNB=TI(A)B=-TI(B)A=-BnA
Observe duality relation
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Join and Intersection with 3D-Line
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Intersection point X of 3D-line L and plane A

M

X=LNA=ANL

any plane B # A through X intersects A in line M = A N B passing
through L

<L,M>=B'T(L)A=-B"T(L)A=-B"X =0
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thus (taking the transposed Pliicker matrix for symmetry reasons)

S(L L A Lo x Aj, + LA
X:FT(L)A: (Lo) h ho| o X Ap + LpAg
-L] 0 Ag —~LI A,

but also (by comparison)

Ayl 75Ah Lh AthAhXL
X=T"AL=| . (T ) = | 0
—-A, 0 Ly —A, Ly
Finally
X=LNA=T"(L)A=T"(AL
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Plane A joining 3D-line L and point X

A=LAX=XAL

by duality
A=LAX=T (L)X =TT (X)L

as

X=TMLA=TTT(A)L oe A=I(L)X=T"(XL
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Constructions
link expression

l=xAy 1=S(x)y = -S(y)x
x=1Nm x=5()m = —S(m)1
L=XAY | L=T(X)Y=-T(Y)X
L=ANB | L=TI(A)B=-TI(B)A
A=LAX | A=T (L)X =T (X)L
X=LNA | X=T"(L)A=T"(A)L

Wolfgang Férstner

Institut fiir Photogrammetrie
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v/ @ Distances and Signs

v/ o Constructions . . . .

Wolfgang Forstner
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Interpretation

of Matrix Representations

e matrices S(x) and S(1) for

e matrices TT(X) and TT(A)

2D-points and 2D-lines

for 3D-points and planes

e matrices (L) and T'(L) for 3D-lines

only 2D

Wolfgang Forstner
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Coordinate-Points, -Lines and -Planes
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Coordinate-points and coordinate-lines in 2D using projective space P? seen
from outside
(stereographic projection of sphere S? from south-pole onto plane w = 0,
cf. part I, slide 24)

Xoor = ly = €1 Xooy = lz = €1 xp =l = €3
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Coordinate-points, coordinate-lines and coordinate-planes in 3D (S?)
Xoox =Ax = e1, Xooy :Ay2627 Xewz=Az=e3 Xo=A=¢y

Lyx=e Ly=e Lz=e3 Lox=es Loy =e€5 Loz=c¢g
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Interpretation of Matrix Representation of 2D-Point

S(x) = A(xxy)

= — =[l1,15,1
oy w 0 u [172,3]

Columns/rows: lines 1; through x

y
y I3
X1
X I !
o X X
[ X2
2
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Interpretation of Matrix Representation of 2D-Line

0 —c b
S(l) = C 0 —a = [Xl7 X2, Xg}
—-b a 0

Columns/rows: points x; on 1

X; = S(l)e[-g] =1xel’

i @

y
y I3
X1
X Iy !
(0] X X
[ X2
2
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—— Break —
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