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Abstract. The (Extended) Kalman filter has been established as a stan-
dard method for object tracking. While a constraining motion model
stabilizes the tracking results given noisy measurements, it limits the
ability to follow an object in non-modeled maneuvers. In the context of
a stereo-vision based vehicle tracking approach, we propose and compare
three different strategies to automatically adapt the dynamics of the fil-
ter to the dynamics of the object. These strategies include an IMM-based
multi-filter setup, an extension of the motion model considering higher
order terms, as well as the adaptive parametrization of the filter vari-
ances using an independent maximum likelihood estimator. For evalua-
tion, various recorded real world trajectories and simulated maneuvers,
including skidding, are used. The experimental results show significant
improvements in the simultaneous estimation of pose and motion.

1 Introduction

Detecting and tracking other traffic participants accurately is an essential task
of future intelligent vehicles. Recent driver assistance and safety systems, such
as the Adaptive Cruise Control (ACC) system, focus on tracking the leading ve-
hicle in scenarios with relative low dynamics in lateral direction. Future collision
avoidance systems, however, must be able to also track the oncoming traffic and
to deal with a wide range of driving maneuvers, including turn maneuvers.

The complex dynamics of a vehicle are usually approximated by simpler mo-
tion models, e.g. constant longitudinal velocity and constant yaw rate (angular
velocity) models [1] [2], or constant longitudinal acceleration and constant yaw
rate models [3] [4]. These models are special cases of the well-known bicycle
model [5] and restrict lateral movements to circular path motion since vehicles
can not move sideward. Higher order derivatives, such as yaw acceleration, are
modelled as zero-mean Gaussian noise.

At turn maneuvers, however, the yaw acceleration becomes a significant issue.
Vehicles quickly develop a yaw rate if turning left or right at an intersection. A
single (Kalman) filter, parametrized to yield smooth tracking results for mainly
longitudinal movements, is often too slow to follow in such situations (see Fig. 1).
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Fig. 1. (a) The filter can not follow a turning vehicle if parametrized for mainly
longitudinal movements. (b)The same filter parametrized for turn maneuvers allows
for accurate tracking. (c)Bird’s eye view on the problem at hand.

On the other hand, making the filter more reactive in general increases the
sensitivity to noise and outliers in the measurements.

Multi-filter approaches, such as the Interacting Multiple Models (IMM) method
proposed by Bar-Shalom [6], tackle this problem by running several filters with
different motion models in parallel. Kaempchen et al. [3] successfully applied the
IMM framework to track leading vehicles in Stop&Go scenarios.

Alternative methods try to estimate the higher order terms, modelled as sys-
tem noise, by an additional detector outside the filter. Chan et al. [7] introduced
an input estimation scheme that computes the maximum likelihood (constant)
acceleration of a moving target over a sliding window of observations, using least
squares estimation techniques. The estimated acceleration is used to update the
constant velocity model using the Kalman filter control vector mechanism. The
drawback of this approach is that the control vector has a direct influence on the
state estimate. Thus, errors in the input data directly affect the state estimate.

In [4], a stereo-vision based approach for tracking vehicles by means of a rigid
3D point cloud with a single Extended Kalman Filter (EKF) has been proposed.
This approach yields promising results both for oncoming and leading vehicles
at a variety of scenarios with mainly longitudinal movements and relatively slow
turn rates. However, in general, approaches utilizing a single filter configura-
tion suffer from the fact that the filter parametrization strongly depends on the
expected dynamics.

In this contribution, we will extend the approach proposed in [4] and present
three different solutions overcoming the problem of manual situation-dependent
parameter tuning.

2 Object Model

An object is represented as rigid 3D point cloud attached to a local object co-
ordinate system. The Z-axis of this system corresponds to the moving direction,
i.e. the longitudinal axis for vehicles. The X- and Y-axis represent the lateral and
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height axis respectively. The origin of the object coordinate system is defined at
the center rear axis on the ground. In the same way, the ego coordinate system
is defined for the ego vehicle. The following state vector is estimated:

x =

⎡
⎢⎣ eX0,

eZ0, ψ︸ ︷︷ ︸
Ω=̂pose

, v, ξ, v̇︸ ︷︷ ︸
Φ=̂motion

, oX1,
oY1,

oZ1, . . . ,
oXM ,

oYM ,
oZM︸ ︷︷ ︸

Θ=̂shape

⎤
⎥⎦

T

(1)

where the object pose w.r.t. the ego vehicle is given by position [ eX0, 0, eZ0]T,
i.e. the object origin in the ego system, and orientation ψ. The motion parameters
include the absolute velocity v and acceleration v̇ in longitudinal direction as well
as the yaw rate ξ. Finally, oPm = [ oXm,

oYm,
oZm]T, 1 ≤ m ≤ M , denote the

coordinates of a point instance Pm within the local object coordinate system. So
the filter does not only estimate the pose and motion state, it also refines the 3D
point cloud representing the object’s shape. This is a significant difference to the
original approach in [4], where the point positions have been estimated outside
the filter due to real-time constraints. Furthermore, opposed to [4], the position
of the center rear axis of a detected vehicle is assumed to be known sufficiently
well at initialization for simplicity.
System Model: The following nonlinear equations define the system model (mo-
tion model) in time-discrete form:

Δx(t) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Δ eX0

Δ eZ0

Δψ
Δv
Δξ
Δv̇
Δ oP1

...
Δ oPM

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∫ t+ΔT
t

−v(τ)sin(ψ(τ))dτ∫ t+ΔT
t

v(τ)cos(ψ(τ))dτ
ξΔT
v̇ΔT

0
0

[0, 0, 0]T

...
[0, 0, 0]T

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(2)

The scalar ΔT indicates the discrete time interval between current and last
time step. The higher order terms are modelled as normal distributed noise,
i.e. x(t + ΔT ) = x(t) + Δx(t) + w(t) with w(t) ∼ N (0,�(t)). The system
noise matrix � , with �(t) = diag(σ2

X0
(t), σ2

Z0
(t), σ2

ψ(t), . . . , σ2
ZM

(t)), controls the
reactiveness of the filter. In the original approach, a constant system matrix is
used for all time steps. For simplicity, we assume a stationary camera throughout
this article, which is equivalent to an ideally ego-motion compensated scene, for
example using the method proposed by Badino [8]. In practice, the estimated
errors of the ego-motion have to be integrated into the system noise matrix.
Measurement Model: The measurement vector is of the form

z(t) = [u1(t), v1(t), d1(t), . . . , uM (t), vM (t), dM (t)]T (3)

where (um(t), vm(t)) represents a sub-pixel accurate image position of a given
object point Pm projected onto the image plane at time step t, and dm(t) the
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stereo disparity at this position. The image positions are tracked using a feature
tracker, e.g. [9], to be able to reassign measurements to the same object point over
time. The nonlinear measurement equations used for measurement prediction
directly follow from the projection equations (see [4] for details).

3 Filter Approaches

3.1 Interacting Multiple Model (IMM)

A set of r filters builds the basis of the IMM framework. Each filter represents a
certain mode, e.g. non-maneuvering or maneuvering. One IMM filter cycle con-
sists of three main parts: First, the r a posteriori state estimates and covariance
matrices of the previous discrete time step are mixed using a weighted sum (in-
teraction step). Then, the filters are updated based on a common measurement
vector (filtering step). Finally, a mode probability is computed for each filter
(mode probability update step). The normalized residual, i.e. the deviation be-
tween prediction and measurements in terms of standard deviations, is used as
indicator for mode likelihood. Furthermore, a priori mode transition probabili-
ties must be provided. The weighting coefficients in the mixing step are derived
from the mode likelihood and mode transition probability. Details can be found
in [6].

We employ a two filter approach. Both filters use the same object, measure-
ment, and motion model as proposed in Sec. 2. The different behaviour of the
non-maneuvering filter (=̂mode 1) and maneuvering filter (=̂mode 2) is con-
figured via the system noise matrices only, denoted as �stat and �mnv, re-
spectively. It is possible to parametrize the system matrices in a way that the
non-maneuvering filter corresponds to a constant acceleration, constant yaw rate
motion model, while the maneuvering filter allows for larger changes in yaw rate
and acceleration (see Sec. 4.1).

3.2 Oracle Measurements and Adaptive Noise (EKF-OR)

Given a set of k measurement vectors z̃ = {z(T ), z(T − 1), . . . , z(T − (k− 1))},
where T denotes the current discrete time step, we can estimate

y = [Θ,Ω(T ), Ω(T − 1), ..., Ω(T − (k − 1)]T , (4)

i.e. the shape parameters and a set of object poses, via a maximum likelihood
estimation ŷ = argmaxy(p( z̃|y)), with ŷ denoting the estimated parameters.
The idea of this approach is, using the known camera geometry, we directly
obtain ePm(t), i.e. the coordinates of the observed object points in the ego
coordinate system at a given time step. From these point coordinates and the
corresponding coordinates in the object system, we can derive the six parameter
similarity transformation (no scale) between the ego and object system, which
gives the object’s pose (see [10]). Assuming the object point cloud to be rigid
over time, we can simultaneously estimate the object point cloud (shape) and
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the object poses in a least squares sense. As we assume Gaussian noise, this is
equivalent to a maximum likelihood estimation.

In addition, the motion parameters can be easily derived from the estimated
poses by numerical differentiation. We will refer to the estimation process outside
the Kalman filter as oracle in the following. The oracle is purly data driven and
not constrained by a motion model. Thus, the oracle approach is able to follow
all movements describable in terms of a 3D rotation and translation.

0 1 2
0

0.5

1

η

λ
Λ

(λ
)

Fig. 2. Adaptive noise function as
used in the experiments. The func-
tion converges to σmax for λ > η
and equals σmin + ε for λ = 0. The
values of σmin, σmax, and η are de-
sign parameters and ε a small con-
stant.

The yaw rate estimate of the oracle ξ̂OR
gives a strong evidance for maneuvers. At non-
maneuvering periods the yaw rate is assumed
to be low in typical driving scenarios and may
be constant for a longer time interval. On the
other hand, a large yaw rate is very likely to
change within a short time interval, since ve-
hicles usually do not drive in a circle for very
long. This leads to the idea of steering the sys-
tem noise level based on the magnitude of the
yaw rate estimate of the oracle (using the ora-
cle’s yaw acceleration estimate instead of the
yaw rate turned out to be too noisy as reliable
maneuver detector).

The yaw rate entry in the system noise ma-
trix at a given time step t is set to Λ(ξ̂OR(t)),
where Λ is a sigmoidal function that smoothly interpolates between a minimum
and maximum noise level σmin and σmax, respectively, as can be seen in Fig. 2.

Next, we pass the yaw rate estimate of the oracle to the Kalman filter as
additional measurement. The measurement vector z(t) is extended to z′(t) =
[z(t), ξ̂OR]T. The measurement noise for the yaw rate estimate can be derived
from the uncertainties of the estimated oracle poses.

3.3 Yaw Acceleration Model (EKF-YA)

In the third solution, the state vector x is augmented by an additional parameter
for the yaw acceleration ξ̇. The resulting system model corresponds to a constant
yaw acceleration model, i.e. ξ̈ ∼ N (0, σξ̈). Accordingly, the linearized system
matrix and system noise matrix � have to be adapted, while the measurement
model remains unchanged.

4 Experimental Results

4.1 Filter Configuration

The different filter approaches have been parametrized with the following system
noise throughout the experiments (given in standard deviations):
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σX0 σZ0 σψ σv σξ σv̇ σξ̇ σXm σYm σZm

EKF 0.01 0.01 0.001 0.001 0.05 1.0 - 0.025 0.025 0.025
EKF+YA 0.01 0.01 0.001 0.001 0.0001 1.0 1.0 0.025 0.025 0.025
EKF+OR 0.01 0.01 0.001 0.001 Λ(|ξ̂OR|) 1.0 - 0.025 0.025 0.025
IMM(�stat) 0.01 0.01 0.001 0.001 0.0001 0.0001 - 0.025 0.025 0.025
IMM(�mnv) 0.01 0.01 0.001 0.001 1.0 1.0 - 0.025 0.025 0.025

where Λ(.) represents the adaptive noise function defined in Sec. 3.2. The noise
function has been parametrized with σmin = 0.05, σmax = 1.0, and η = 1.5.
This means, for small ξ̂OR the EKF-OR filter is configured as the standard EKF
filter and for |ξ̂OR| > 1.5, the filter corresponds to the maneuvering mode of the
IMM filter. A window size of k = 5 has been used for the oracle.

The mode transition probability matrix �trans for the IMM filter has been
chosen as

�trans =
[

0.98 0.02
0.02 0.98

]
(5)

where the value at the ith row and jth column indicates the a priori probability
that the filter switches from mode i to mode j (i, j ∈ {1, 2}), i.e. it is much
more likely that the filter remains in the same mode. Diagonal entries close to 1
prevent frequent mode switching and result in more distinct mode probabilities.

4.2 Synthetic Ground Truth

In a simulation, a virtual vehicle, represented by a set of M = 60 rigid 3D
points, is moved along a synthetic ground truth trajectory. The trajectory shows
a turn maneuver that can not be followed well by the single EKF approach
if parametrized for typical longitudinal or slow turn movements. At each time
step, the pose and motion state of the virtual object is known. Measurements are
generated by projecting the object points at a given time step onto the image
planes of a virtual stereo camera pair. The measurements are disturbed by adding
Gaussian noise with standard deviation σu = 0.1 pixel to the horizontal image
coordinate in both images, i.e. σd =

√
(σ2
u + σ2

u) and σv = 0.
The vehicle starts approaching at 50 m distance with constant velocity of

10 m/s and a small yaw acceleration of 0.05 rad/s2. After 50 time steps, a
sudden constant yaw acceleration of 2 rad/s2 is generated for 10 time steps (0.4
s). Due to the random measurement noise, the simulation has been repeated
40 times. The mean estimated yaw rate for each filter is shown in Fig. 3(a),
together with the 1-σ (standard deviation) error band. As can be seen, the single
EKF approach (constant yaw rate assumption) can not follow the fast yaw rate
increase, while the proposed extended versions approximate the ground truth
much better. Differences are in the delay of the yaw rate increase, i.e. how fast
does a given filter react to the yaw acceleration, and in overshooting.

The EKF-YA filter quickly follows the yaw rate increase by estimating the
yaw acceleration. Fig. 3(b) shows the response to the rectangular yaw accelera-
tion input. The resulting overshooting of the estimated yaw rate is about twice
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Fig. 3. (a) Error bands of yaw rate estimates based on mean and standard deviation
over 40 monte carlo runs. All filter extensions approximate the ground truth much
better than the original single EKF approach. (b) Estimated yaw acceleration of EKF-
YA filter compared to ground truth. (c) IMM mode probabilities.

as large compared to the IMM approach, which is able to follow the yaw rate
increase even faster by switching from non-maneuvering mode to maneuvering
mode at frame 51 (see Fig. 3(c)). As the yaw acceleration maneuver ends at
frame 60, the probability of the maneuvering mode starts to decrease. The or-
acle detects the yaw rate increase without delay and shows no overshooting at
all. Since the oracle is model-free and unconstrained, the results show a larger
standard deviation compared to the Kalman filter based methods. The resulting
trajectories are quite unsteady. However, combining the oracle with a Kalman
filter in the EKF-OR approach, yields both a very accurate yaw rate estimate
and smooth trajectories with almost no overshooting due to the additional yaw
rate measurements. The delay until the yaw rate starts to increase depends on
the design of the adaptive noise control function (see Fig. 2).

4.3 Real World Ground Truth

The different filtering approaches have been also evaluated using a database
of 57 real vehicle trajectories recorded from in-car sensors at different urban
intersections, including 18 left turn maneuvers, 19 right turn maneuvers, and 20
straight crossing scenarios. Analog to the synthetic trajectory, a virtual point
cloud object has been moved along the real trajectories.

The root mean squared error (RMSE) between estimated value and ground
truth is taken as evaluation criteria. Fig. 4 shows the distribution of the RMSE
for the different filters in terms of median and the 25th and 75th percentile
(boxes). The whiskers indicate the first and (clipped) 99th percentile. As can
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Fig. 4. Distribution of RMSE between estimated state and ground truth for yaw rate
(top row) and position (bottom row). The boxes indicate the 25th and 75th percentile
as well as the median.

be seen, the median RMSE of the yaw rate over all runs is significantly reduced
by all proposed extensions compared to the original EKF approach (Fig 4(a)).
The IMM and EKF+OR approach yield almost similar results and perform
slidely better than the EKF-YA. The improvements in the estimated yaw rate
directly affect the error in position, which is also decreased for all extensions
(Fig 4(d)). Especially if only the subset of trajectories including a turn maneu-
ver is considered for evaluation (second column). On the other hand, even for
the straight motion trajectories (third column), improvements are achieved. The
parametrization with much lower system variances at the non-maneuvering mode
of the IMM filter is benefical at low dynamic scenes as can be seen at Fig. 4(f).
The EKF-OR filter equals the configuration of the EKF filter at straight motion,
thus, the results do not differ much. Modelling of the yaw acceleration in the
EKF-YA leads to larger deviations of the error at non dynamic scenes. The fil-
ter has to compensate for small errors in the orientation estimate by adapting the
yaw acceleration, which typically leads to oscillation effects that increase
the RMSE. We did not find a significant improvement in the shape estimate
on the test data, since the initial noisy object point cloud is refined by the filters
before the maneuvers start.

4.4 Filter Behaviour at Extreme Maneuvers

So far we have considered maneuvers that typically occur at urban intersections.
In extreme situations, such as skidding on black ice, the assumption that the
vehicle’s orientation is aligned with the moving direction is violated. We simu-
late a skidding trajectory by introducing an external force in terms of a lateral
velocity component of 6 m/s, pushing the oncoming vehicle toward the observer
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Fig. 5. (a) Estimation results of skidding trajectory. The EKF-ORX approach per-
fectly reconstructs the ground truth trajectory and final pose. (b) Absolute difference
between object orientation and moving direction used for adaptation of the system
noise.

while turning left with a constant yaw acceleration of 6 rad/s2. As can be seen
in Fig. 5(a), all filters discussed above fail to estimate the unexpected trajectory
correctly since it does not agree with a circular path motion model. However, the
model-free oracle is able to follow the sideslipping vehicle very accurately. Thus,
we have adapted the idea of using the oracle not only to control the system noise
for the yaw rate, but also for the position. The deviation between actual moving
direction and object orientation, estimated by the oracle, is used as skidding de-
tector (see Fig. 5(b)). Larger deviations indicate a violation of the circular path
motion model. In this case, the system variances for position are increased using
the same mechanism as introduced for the yaw rate. With large system vari-
ances for position, the vehicle is able to shift in arbitrary direction independent
of the current orientation. The resulting final pose estimated by the so called
EKF+ORX approach almost perfectly fits the ground truth, demonstrating the
potential of this approach.

5 Conclusion

All of the proposed extensions have improved the tracking results of vehicles at
typcial turn maneuvers without loosing performance at straight maneuvers and
without any manual parameter tuning. The error in the estimate of yaw rate
and position could be significantly reduced compared to the original single EKF
approach. We found that the IMM approach yields the best compromise between
tracking accuracy and computational complexity. Since the two IMM filters can
be run in parallel on multi-processor architectures, the additional load reduces
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to the mode mixing and probability update. The computation of the oracle is
more costly compared to the Kalman filter, even if the sparseness in the involved
matrices is exploited, and depends on the window size k. However, the skidding
experiment has shown the potential of the oracle approach not only to improve
the tracking at standard turn maneuvers, but also to detect extreme situations
that are of special interest w.r.t. collision avoidance systems. The EKF-YA filter
is an alternative if computation time is critical and only a single core processor
is available. The additional computation time compared to the original EKF
approach is negligible, while the results show a significant improvement at turn
maneuvers.

The findings of this contribution are not restricted to image-based vehicle
tracking approaches and could be directly applied to other sensors such as LI-
DAR sensors. Next steps will include to adapt the idea of the oracle to also
control the noise level of the longitudinal acceleration and to reduce the oracle’s
complexity by restricting the rotation and translation from six to four degrees
of freedom (in plane motion assumption).
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