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ADVANCED TECHNIQUES FOR MOBILE SENSING
AND ROBOTICS - LECTURE CONTENT

(1) Mobile Laser Scanning

(2) Trajectory Estimation

(3) System Calibration

(4) Sensor Synchronisation

(5) From Images to Point Clouds (SfM)

(6) Accuracy of Point Clouds |

(7) Accuracy of Point Clouds Il

(8) Deformation Analysis with Point Clouds |

(9) Deformation Analysis with Point Clouds Il
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MOBILE MAPPING

Spatial
Information
about the
Environment
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CHAPTER 1: MOBILE LASER SCANNING

Pl (ts) = Toort(ty) Thody - psgmeor(ts)

object sensor

* Review of involved coordinate systems /frames

e Derivation of detailed georeferencing equation
for the example of mobile laser scanning

Le t:c AZI? O
Ye | = ty +Rfm (L:B)R? (65:9:1@ Ay +R2 (Q":B:r}’)° d-sinb
Ze t, Az d-cosb

. o . . . S B B . . . _r:, -
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CHAPTER 2: TRAJECTORY PARAMETERS

Az 0
(L, B)R} (¢,0,%) - | |Ay| + R (a,8,7) - |d-sinb
Az d-cosb
le
XII
Up Yaw
Z  North

[

W
Y

Roll

¢
eocenter 3 ~ East
4 i —— e ‘m ?

/N
i
coordinates

Earth frame Navigation frame "body frame"
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SENSORS OVERVIEW

Navigation sensors

{ relativ

: Visual
: Odometrie

"
@solut

{inclinometer |

direct
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INERTIAL SENSORS

COORDINATE SYSTEMS Inertial frame
Axis fixed with respect
A Ze / Zi to the ,rest of the universe’
Wie

o
o
4 o\ ye
_‘ =
/B
. . . . . . . -9
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INERTIAL SENSORS F

ACCELEROMETER | a=d34 “43

e Measurement of specific force J, .. 9.94 07‘8
(= non gravitational acceleration) ﬂ - Y

Accelerating force

Equilibrium (nongravitational)
m
‘ 3 Sensitive '§
\ axis §
0000 0000 «—> m \
»\ s
f”l/l I/J/ﬂ ﬂ ﬂJI I)’f/ﬂ §
..\“* Case oo
Proof Pickoff Spring Dlsplacement gravitational
e acceleration
Specific force of the body frame relativ l
to the inertial frame, given in body frame fb b b
coordinates b aib T f}/?;b
—
o\ .
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INERTIAL SENSORS
GYROSCOPE

DAVED-LL
Primary and Secondany Mode

* Measure angular rate of the
body relative to the inertial
frame given in body frame
coordinates b

Wip

Light source

Phase modulator

Detector Polarizer
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Groves

2. Transform
specific force

1. Update
attitude

STRAP DOWN INTEGRATION
INERTIAL FRAME EQUATIONS

5/ Gravitation

3. Update @
. . velocity model
e Use inertial frame as the system of

resolving frame for position and
r; (_) > . ..a

orientation : osition
c c Integration errors ,-"+ &J :"+
e Update orientation grat €4 v ()

. b
@ Cy(—)(1 + ; sz)

e Transform accelerometer measurement

to inertial frame i
Zb = C f
e Correct for gravity b -+ @
: 7
e Update velocity zb(+)@ V?,b + ;T
e Update position @I‘%b -i— Vzb(—)’?'i
s
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TRAJECTORY PARAMETERS
iy AI

z AZ

geocenter

East
m ;
ENU
coordinates

Earth frame Navigation frame

X?
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RPY angles

Roll

0

t
Ye | = ty +R2(L:B)R?(¢:9d)) Ay -[—Rg(aﬂ’}/) d-sinb
t

d-cosb

Yaw
L 4
¥

y

"body frame"
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STRAPDOWN INTEGRATION

n n

9y qp ab
WANTED: e — e ib

pcb f pcb ’ wb

n mn ) k—1
Vev/ 1 Veb/ k-1
¢t] * 6’(] * ;:’U( il
» b 1
ih @’ lo!
Angular rate : — Earth rate
Transport rate
I
Jlt Vy Xo 5
b + 4 eb
gy X J- position
acceleration " J- é ]
Gravity J
velocity_
Coriolis
correction
attitude _
.
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INITIALIZATION AND ALIGNEMENT
HOW TO GET THE STARTING VALUES?

e Position e Orientation

O Use external systems, O Accelerometer levelling
such as GNSS

O Start from a known position
(e.g. car has parked at known
position)

0 Gyro Compassing
0 Magnetometer/Compass

O Multiple GNSS Antennas

 Velocity

0 Use external system (e.g. GNSS)

O Start in a static situation (v=0)

Klingbeil: Advanced Techniques for Mobile Sensing and Robotics - Geodesy - 02 - Trajectory Estimation 13 UNIVERSITAT V'fi":igg



INS ERROR PROPAGATION

Orientation update CE(-F) ~ Cz(—)(]l + Qi?bﬁ')

e Constant gyroscope error leads to orientation error

09y (t) = byt

Oe.g. 0.1 ° gyro bias =»30° orientation error after 5 minutes
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INS ERROR PROPAGATION

. . Vi (+) & Vi (=) +al
Position/velocity update -
VP rl(+) & (=) + vi (=)

e Constant velocity error integrates to position error

51‘& (t) ~ (5V3bt

0 e.g. 0.1 m/s velocity error =»30m position error after 5 minutes

e Constant accelerometer bias leads to velocity T]d posmon errors

ovl (t) ~ Ci'bgt, orl, () ~ Cnb t?

0 e.g. 0.01 m/s? accelerometer bias =» 450m posmon error after 5 mindtez

"\ ,'.r.
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INS ERROR PROPAGATION

e Constant attitude errors lead to wrong transformations of
the measured specific-force into the resoving frame

0,,Gravity compensation” is wrong, parts of the measured reaction
to gravity are considered as acceleration leading to acceleration
offsets

Calculated specific force "l";"

M Acceleration error
Attitude 5 ¢ due to attitude error
error Yy

True specific force ),

Oe.g. 0.057° attitude error =» 440m position error after 5 minutes

e Constant gyroscope bias leads to attitude error leads to
e, 3
position error or? (t) x 1

Oe.g. 2.1°/hr bias =» 440m position error after 5 minutes
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INS ERROR PROPAGATION
CONSTANT ERRORS - Constant velocity error Constant acceleration error

325- 0.1ms' 5400' 0.01 ms?
5 20 5 300 -
3 15 4 @
g™ £ 200 |
3 5
8 5 $ 100 -
0 r T 0 T T
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§ 300 - ‘9‘ 300 -
@ @
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o L
0 - . 0 . .
0 100 200 300 0 100 200 300
Time (s) Time (s)
Fig. 10.

Short-term straight-line position error growth per axis for different ervor
sources. (From [3] © Paul Groves 2013. Reproduced with permis:iion )

(e
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INS ERROR PROPAGATION
SENSOR NOISE

* Noisy measurements of accelerometers and gyroscopes also
lead to noisy position errors (uncertainty)

Accelerometer noise Gyro noise

10 25
£ 6 _2_3 £ 9 __ 2 1
= 10°m°s = 107 rad“s
a 8 A 20 A
7] 7]
5 6 5 15
a-) P -
o & 210
o o
S 24 g 59

0 b T T 0 T T

0 100 200 300 0 100 200 300
Time (s) Time (s)

Fig. 12.

Short-term straight-line position error standard deviation growth per
axis because of mertial sensor noise. (From [3] © Paul Groves 2013.
Reproduced with permission.)

N\
.
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NON-LINEAR FILTERING

e Linear Kalman Filter:

Olinear system and measurement models

X = Pxr_1 + Bup + G’WS’]{:

zr = Hipxp + W i

* General case:
O predicted state is a function of last state, control input and noise

Xp = f(Xp—1, U, Ws )

O Measurement is a function of the state

z, = h(Xg, Wi, )

Wa::

*-igg
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KALMAN FILTER

System noise
Predicted y

Predicted ©Stimate

covariance
\\:X’; = @Xk_l
- _ T measurement
. L. Pk - (I)Pk—l(I) _I_Q noise
Prediction
- - -1
Kalman Gain /7Kk — Pk HT(HPk HT—|—R)
X = X;_'_Kk(zk:_\HX_)
Correction P, = (I - KkH)Pk meas%
Predicted
I\ measurement
Updated
estimate Upda’Fed
covariance

A
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NON LINEAR EXAMPLE (DEAD RECKONING)
SYSTEM MODEL

control input

l Non linear! T

Ty, Th—1 - Tr—1 +{COS(Pr—1)Vodo, kAL
xk= |y | =f Yk—1 ( 00 ) = | Yk-1 +Si11(99k—1 Vot o8
Ok Ok—1 Pk—1 + Wayro kAL

Wayro,k

Starting point (X, Yo)

e
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NON LINEAR EXAMPLE (DEAD RECKONING)
MEASUREMENT MODEL (E.G. GPS, DISTANCE TO KNOWN POSITION)

T

\ 2 = d = h(xg) = \/(a:k — Tsat k)? + (Y — Ysat,k)?

'S Non linear!

.
A 3

y

Starting point (X, Yo)
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SUMMARY EXTENDED KALMAN FILTER

X, = [f(Xp—1,u)
P, = ®P, 19" +GQG’
Prediction
K, = P ,H'(HP,H" +R)"'
Xp = X + Kk(zk. — h(X;))
Correction P = (I - KkH)Pl;
_ 9f(x,u) _ 9f(x,u)
¢ = ox x::‘ck_l,u:uk’ G = ow ‘
~ Oh(x)
e = 0xX Ix=%,

A
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2D KF EXAMPLE
SYSTEM MODEL

e No assumed (and wrong) model on the temporal
evolutionof motion states

* Relative measurements
(path increment and angle change) are modelled
as control input

» System noise is represented as control noise

xp = f(xr_1{wd @)

Lk Lk-1 Tr—1 + cos(pr—1){Asylt Wodg)
As Wodo ) ﬁ
Yk = f Yk—-1 |, { k] ) { d ] = | Yk-1 +Sln((,0k—1) AsglH wod )

control

input

Wi Wgayro
Pk Prk-1 Pk—1 + '[wgy'ro,k] + wgyro)At
System/control
noise
)
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2D KF EXAMPLE T
TRANSITION MATRIX

Tr—1 + cos(pr—_1)(Ask + Wodo)
Dy 1= — | Yp—1 +sin(pr—1)(Asg + Wodo)

P Phmt + (Woyronk + Wayro) At X =% _1,u=1
1 0 —sin(pr_1)Asg
= (0 1 cos(pr_1)Ask
0 0 1 X=X _1,U=Uy
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2D KF EXAMPLE .
SYSTEM NOISE

2
=5 .

= f(xXg—1,u)
= &P, 97 +|GQGT

Ugyro

0 (xuw) _ [P

G = 5 = |sin(pg—1) O
W
0 At .
X=Xk —1,0=Ug
2 2 C 2 0
. cos”(Pk—1)05 4, cos(cpk_;) sin(pr—1)054,
GQG" = |cos(pr—1) sin(pr—1)024, sin®(pk—1)02g, 0
0 0 AN
~ R I
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2D KF EXAMPLE
MEASUREMENT MODEL
K, = P;H'HP_H! R}

xp = %, +Kg(zg - h(x;))l
P, = I-K;HP,_

* Measurement is only GPS Position Z;ps, Ygps

z) = [.‘:CQPS;IC] — h(xk) — ka = [
Ygps,k

e Measurement Noise

Klingbeil: Advanced Techniques for Mobile Sensing and Robotics - Geodesy - 02 - Trajectory Estimation

10 0]
0 1 of"*F

Py

27

UNIVERSITAT

4

N

‘e igg



GPS/IMU INTEGRATION

 Estimate the position and orientation of the system in all
dimensions

e Use inertial sensors (acc + gyro) as control input:
Strapdown inertial integration as system model

* Because acc + gyro have time dependant systematic errors
(bias), estimate the biases as part of the state vector

e Use GPS as measurements

0 Use of positions: = loosly coupled integration

0 Use of GPS raw data (double differences, carrier phases)
=» tightly-coupled integration

Klingbeil: Advanced Techniques for Mobile Sensing and Robotics - Geodesy - 02 - Trajectory Estimation 28 UNIVERSITAT V'fi":igg



GPS/IMU INTEGRATION

S )
q;
e
Xeb

e State Vector

A

v

e Control input f
u = Zb

>~
v

* Measurement Z = Xgpg

Klingbeil: Advanced Techniques for Mobile Sensing and Robotics - Geodesy - 02 - Trajectory Estimation

Orientation quaternion

IMU bias values

IMU sensor readings

Processed GNSS position

'1 \, :
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GPS/IMU INTEGRATION |, % = 0w

ay [ qp |
e e
SYSTEM MODEL vl — f| o [ai?b] [ww]
eb — eb 3 b )
(5 w
STRAPDOWN ALGORITHM  [b,.r, borre| | [Winli [Wely
_bacc_ k _bacc_ k T
e \R i
A 4 \ 4
(= 2. Transform
cb( ) 1£t2pgate —» specific force
atutude frame
£
ib 4
I | Ak 3. Update | (95 Gravity System noise is
e velocity model .
IMU noise
L) y
1.0 4. Update
b position
h-)
- ! —
Cp ) v, () L, (H) 4,(+) b, () y ~
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'IT. rf
GPS/IMU INTEGRATION B qg, 7P =i __;E.T:'E:‘;';m
e 0l
Xeb 95 G
MEASUREMENT MODEL N e e
- - — b yro| “° —AU*W
K. = P, H'(HP, H" +{R] Kk s

Xk = X;; + Kk (Zk —‘ h(X;))l elis) V) 1,08 3406) hy4)
P, = I-K;HP,_

* Measurement is only GPS Position Lgps> Ygpss Zgps

Lgps,k .. 1.0 0 ...
Zi = |Ygps,k | = h(xk) =Hx,=1... 01 0 ...|xx
Zgps,k 0 0 1
e Measurement Noise 02pss 0 0
— 2
R=1|0 T gps,y 20
0 0 ngsaz
A
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GPS/IMU INTEGRATION

GPS NOISE GPS Height, static antenna

328.5

Carrierphase
2-Frequency
Differential 39845 |
Kinematic

Post-Processing

—
E 3284 .
Remember
GPS noise is not white! 328.35 | X
2
gg'ps?:f: 20 0
R= 0 Tgps.y 20
0 0 Tapaz
328.3
0 2 4 6 8
wrong Observation (seconds)
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Improvement achieved by
smoothing

- == §/mprovement needed to be achieved

From: Chiang, K., Lin, Y., Huang, Y. et al.
An ANN—RTS smoother scheme for
ccurate INS/GPS integrated attitude

Beginning of Time End of GPS determination. GPS Solut 13, 199-208
GPS o e oulage (2009). https://doi.org/10.1007/s L0251-
G7= oulag 008-0113-0
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FILTERING/SMOOTHING

Prediction:

Filtering:

Smoothing:

Measurements Estimate

Klingbeil: Advanced Techniques for Mobile Sensing and Robotics - Geodesy - 02 - Trajectory Estimation 34 UNIVERSITAT ‘9’~‘.'h igg



SMOOTHING ©<4] Fixed-Point | /

:f" - |
k=0 k= k=T .
Fixed Increasing
----- >

Fixed Varying Fixed
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KALMAN FILTER

Predicted System noise

Predicted ©Stimate

covariance \ .
X, = Pxp_
— measurement

L T
. L. Pk - (I)Pk—l(I) _I_Q noise
Prediction
Kalman Gain /7Kk o PIC_HT(HP];HT_I_R)_l
Xy = X, + Ki(zr — Hx;)
Correction Py = (I - KkH)thas%
Predicted
measurement
Updated
estimate Updated
covariance

P ;
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X
FORWARD BACKWARD FILTER © /\i/j

-~ | l
S\k_-, VF ;QF + l{_g)‘gk A\/V\/c_(_ T
«® w k [P _ X =
= L(P Xy 4'(4—"(,-.-))(3 ‘
Per) = € L<’<-?)C><—>’(‘)Tj
Lo wee P -
> W, = Fe Kz= Le
i P;;‘l’f)‘; s (PF—*RB
= o Mea
—A -1 2
po (Pe + P
N~
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FORWARD BACKWARD FILTER PRERATDTER

<+ gb
Ve - N
; | |
X
FORWARD FILTER
Xsk = HKrppxrr+ KprXpy
= Krixpr+ (1 — Kri)xp
_ - — \—1
Krr = Ppi(Prr+ Pgy)
1 1
Pox = |(Pra)™ + (P57
Details on the derivation in:
Dan Simon: Optimal State Estimation, Wiley Interscience .
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RAUCH-TUNG-STRIEBEL (RTS) SMOOTHER
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RAUCH-TUNG-STRIEBEL (RTS) SMOOTHER

Runs fromkto 1

|

XSk = XfpgT Ak(XS,kH — Xpp, 1)
b +

1
Ay = Ppp®} { E,HJ
Psy = Prr+ Ae(Psk+1 — Pppyy)

Details on the derivation in:
Dan Simon: Optimal State Estimation, Wiley Interscience
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Improvement achieved by
smoothing

- == §/mprovement needed to be achieved

r

P

From: Chiang, K., Lin, Y., Huang, Y. et al.
An ANN—RTS smoother scheme for
accurate INS/GPS integrated attitude

e EEEEEREE LR

Beginning of Time End of GPS determination. GPS Solut 13, 199-208
GPS outage oulage (2009). https://doi.org/10.1007/s L0251-
008-0113-0
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HOW TO EVALUATE THE QUALITY OF THE ESTIMATION?

P
A) LOOK AT THE COVARIANCE OF THE ESTIMATE ’ (

X, = Px5_
P = &P, 19" +Q
Prediction
K, = P_H'(HP H"+R)™!
Xp = X +Kp(zp — Hxp)
Correction P = (I - KkH)Pk—

Does not depend on measurements
Only ,valid’, if all models and uncertaincies are ,correct’
No systematic errors included

%l

Klingbeil: Advanced Techniques for Mobile Sensing and Robotics - Geodesy - 02 - Trajectory Estimation 4?2 VR ‘e igg



HOW TO EVALUATE THE QUALITY OF THE ESTIMATION?
B) LOOK AT THE INNOVATION

X, = Pxp
By = PP, 1®" +Q
Prediction
K, = P, H"(HP,H" +R)”
XE = Xk _'_Kk;(Zk—HXL)
— 1_ V\QVA,I'lo
Correction P, = (I KkH)P " “

Gives an idea about the consistency between models and observations

It is not clear if iconsistencies come from wrong measurements or predictions

%l
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HOW TO EVALUATE THE QUALITY OF THE ESTIMATION?
C) CAREFULLY LOOK AT ALL ESTIMATED STATES

—
g X 107 accelerometer bias
| T .
o - -x-axis
1 [ —--y-axis -
= o reen D R --z-axis ‘
@ Qe Tt o,
2 N b NP S f T
-1 'T.&'.'g:)_} !‘r"» - H -N]T‘r" W e
: -
-2 : ! I
0 100 200 300 400 500 600 700 800 900
track time [s]
%107 gyroscope bias
10 T T 1 ;
7 - -x-axis
— ; ] ---y-axis
% 5S¢ l%‘ —-z-axis||
© {4 - '
= et
% 0 - i . )
< ': .\'J-JSL{H ,'"—)fl\r ST T k
-5 1 L I 1
0 100 200 300 400 500 600 700 800 900

track time [s]
- A nice looking position result can also appear if your process model is
completely wrong and your measurements are good

- E.g. Estimated bias values show ,consistency‘ of models

v

UNIVERSITAT
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HOW TO EVALUATE THE QUALITY OF THE ESTIMATION?
D) COMPARE WITH REFERENCE SOLUTION

Difference [m]

Difference [m]

Difference [m]

05 T T T EaSt T T \q
W‘M‘\ s o A
_05 | | | | |
0 100 200 300 400 500 600 700 800 900
Track time [s]
05 I T I North I A T I
i
UMW’W'v' MM._ |
_05 | | | | | L
0 100 200 300 400 500 600 700 800 900
Track time [s]
0.5 T T Height T Fa
& ..l
0 - ey s
0.5 | I | | s |
0 100 200 300 400 500 600 700 800 900

Track time [s]

- Needs synchronization between reference and estimation results

- Difficult to realize in outdoor scenarios (especially for orientation)

- How to ,parametrize’ the error? Depends on motion, environment, time ...

Klingbeil: Advanced Techniques for Mobile Sensing and Robotics - Geodesy - 02 - Trajectory Estimation 45

UNIVERSITAT



HOW TO EVALUATE THE QUALITY OF THE ESTIMATION?

REFERENCE SYSTEMS

=y (f) DpriTrack

Total station
. ' Tracking systems

Reference trajectory

RTK GNSS

v

7

o-a.
-o-a
*o,
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HOW TO EVALUATE THE QUALITY OF THE ESTIMATION?
E) INDIRECT EVALUATION

Az
Ay

Az

t
ty + R? (L, B) Ry (¢,0,v) -
t d-cosb

0
enre|

Compare with known reference

40AE=-II.9 mm (o = 7.5 mm) 40ﬂN=-l.9 mm (o =7.1 mm) 40AH=0.0 mm (o =8.7 mm)

30 | 30 30
E20 CE20 20
10 1 10 10

0 0 0
-0.04 -0.02 0 0.02  0.04 -0.04 -0.02 0 0.02  0.04 -0.04 -0.02 0 0.02  0.04

[m] [m] [m]

- Includes many other errors

- Assignement of error to specific sources is difficult

7

- I .
oy

v
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EXAMPLE

ANuBallce 17,
53115 Bonn
-
!/ '.l
“ % .
‘il Abteair{gsbibhcﬂle‘g MNL
&

~,

4 ,_fi-ff
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STRAPDOWN ONLY
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KF WITH ODOMETER. NO GPS!
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GNSS QUALITY
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TRACK
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DIFFERENCE TO GNSS DATA
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BIAS ESTIMATION

4= 1073 Accelerometer bias
T
- X-axis
© y-axis
- z-axis| |
_2 ' | | | | | |
0 100 200 300 400 500 600 700 800 900
Track time [s]
1% 107 Gyroscope bias
H I I
: - X-axis
E 0 wh L : y-axis
he] v - z-axis
g i
8
ol il
2 \ I I \ I !
0 100 200 300 400 500 600 700 800 900
Track time [s]
N
Klingbeil: Advanced Techniques for Mobile Sensing and Robotics - Geodesy - 02 - Trajectory Estimation 57 ‘ ::.'. igg

UNIVERSITAT



WHAT YOU HAVE LEARNED TODAY

* How are position and ortientation calculated using inertial
sensors and GNSS?

e How are inertial sensors and GNSS observations combined
using filtering algorithms?

* How are inertial sensor errors influencing the estimation?

 What is the difference between filtering and smoothing and
when/why is smoothing better?

e What is the RTS smoother?

* How can you evaluate the quality of a trajectory estimation
algorithm/system?

o
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