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Photogrammetry & Robotics Lab

3D Coordinate Systems
(Bsc Geodesy & Geoinformation) 

7. Spatial Motions and Similarities
Wolfgang Förstner

The slides have been created by Wolfgang Förstner. 
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Topics and notation

Topics
 3D motions
 3D similarities

Notation
 Non-homogeneous coordinates: 3-vector
 Homogeneous coordinates: 4-vector
 Motions
 Similarities (german: Ähnlichkeiten)   
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4.1 Spatial similarities
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Spatial similarity: definition

Spatial similarity of 3D non-homogeneous coordinates

 Scaling with
 Rotation with 
 Translation with

Concatenation using homogeneous coordinates 
For this video see Förstner/Wrobel (2016), p. 209-211, 383-384,  
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Homogeneous coordinates in 3D

For 3D point                           

homogeneous coordinates

and 
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Translation

Homogeneous for of translation

Or compactly 
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Transformations

 Translation

 Rotation

 Dilation 
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Spatial similarity

Spatial similarity in homogeneous coordinates

Since: 1. Scaling, 2. rotation, 3. translation

Remark: Scaling and rotation may be exchanged 
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Inverse similarity

Inverse similarity with homogeneous coordinates
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3D similarities

Properties
 build continuous group
 have 7 degrees of freedom 

(d.o.f., minimal number of parameters)
3 rotations, 3 translation, 1 scale 

 Free choice of representing rotation
 allows to use more than 3 parameters
 not independent parameters
 take care of when estimating similarities
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4.2 Spatial motions
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Spatial motion

3D motion for nonhomogeneous coordinates

For homogeneous coordinates

 build a continuous group
special 3D Euclidean group  

 6 degrees of freedom (3 rotations, 3 translations)
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Each 3D motion is a screw motion
= 
1. Direction    of rotation axis (2)
2. In plane perpendicular to

planar motion = rotation around point (3)
3. Translation by    in direction of    (1)

 View along   : rotation around special axis C 
different depths of red and green object

Spatial motion as screw motion

C
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Spatial motion as screw motion

Screw motion w.r.t z-axis 

Given screw axis    , screw rotation and translation 
1. Rotation (2) + translation (2):      z-axis
2. Screw      w.r.t. z-axis (2)
3. Undo 1.
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4.3 Small motions and similarities
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Parameters of motions and similarities

Similarity: 7 parameters (rotation, translation, scale)

Mapping
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Parameters of motions and similarities

Motion: 6 parameters (rotation, translation)

Mapping
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Small similarity

Small changes around              , equivalent to

Small similarity with parameters

Useful for obtaining proper similarity from parameters 
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Linearizing similarity at 

Up to first order terms

with

we have  
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Linearizing similarity at 

Differential change
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Linearizing motion at 

Differential change
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Linearizing at arbitrary point

Linearizing fully multiplicative

with 

23

Ex.: Linearizing a similarity transformation

Assume: uncertain point

or

Assume: uncertain similarity, mean 

Task: Derive covariance matrix of transformed point
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Linearizing a similarity

Total differential of similarity transformation

or with                     , thus

depending on 7-vector   
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Linearizing a similarity

Jacobian w.r.t. coordinates

evaluated at the current approximate values
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Linearizing a similarity

For derivative w.r.t. we rearrange
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Linearizing a similarity

Jacobian w.r.t parameters
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Covariance matrix of transformed point

 Transformation

 Linearization

 Variance propagation
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Options for linearizing at arbitrary point

Two options for linearization. Here: motions
1. Fully multiplicative (see above), parameters

update of motion 
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Options for linearizing at arbitrary point

Two options for linearization. Here: motions
2. Partially multiplicative

rotation multiplicatively, translation additively

other parameters
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Comparing the two options

If approximate motion       and
changed motion identical 



 Rotations: same parameters
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Comparing the two options

 Translation: different type of correction

hence from               , up to second order terms 

Relations between     and     depending on 
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Comparing the two options

Linearized relations between parameter vectors

 Generally: estimated motions are the same
 CovMs of parameters differ
 CovMs of rotations are identical
 CovMs of translations differ
 CovMs of rotation and translation differ

34

Linearizing a similarity

Useful for

 Variance propagation
 Single or many points
 Single or concatenated transformations
 kinematic chains

 Estimation of parameters from many point pairs

Observe the difference of two linearization options!
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Next lecture

4.4 Denavit-Hartenberg parameters 
for robot arms and kinematic chains

____
An application for concatenating motions

36

References of video series

Arun, K. S., T. S. Huang, and S. B. Blostein (1987). Least-Squares Fitting of Two
3D Point Sets. IEEE T-PAMI 9 (5), 698-700. 

Bishop, C. (2006). Pattern Recognition and Machine Learning. Springer. 
Boyd, S. and L. Vandenberghe (2004). Convex optimization. Cambridge University 

Press. 
Cayley, A. (1846). Sur quelques proprétés des déterminants gauches. Journal

für die reine und angewandte Mathematik 32, 119-123
Cover, T. and J. A. Thomas (1991). Elements of Information Theory. John Wiley 

& Sons. 
H. S. M. Coxeter (1946): Quaternions and Reflections, The American Mathematical 

Monthly, 53(3), 136-146
Fallat, S. M. and M. J. Tsatsomeros (2002). On the Cayley Transform of Positivity

Classes of Matrices. Electronic Journal of Linear Algebra 9, 190-196. 



21/01/2021

10

37

Fischler, M. A. and R. C. Bolles (1981). Random Sample Consensus: A Paradigm for
Model Fitting with Applications to Image Analysis and Automated Cartography.
Communications of the ACM 24 (6), 381-395. 

Förstner, W. and B. P. Wrobel (2016). Photogrammetric Computer Vision  Statistics,
Geometry, Orientation and Reconstruction. Springer. 

Horn, B. K. B. (1987). Closed-form Solution of Absolute Orientation Using Unit
Quaternions. Optical Soc. of America. 

Howell, T. D. and J.-C. Lafon (1975). The Complexity of the Quaternion Product.
Technical Report TR75-245, Cornell University. 

Kanatani, K. (1990). Group Theoretical Methods in Image Understanding. New York:
Springer. 

Koch, K.-R. (1999). Parameter Estimation and Hypothesis Testing in Linear Models
(2nd ed.). Springer. 

Li, S. Z. (2000). Markov random field modeling in computer vision. Springer. 
McGlone, C. J., E. M. Mikhail, and J. S. Bethel (2004). Manual of Photogrammetry

(5th ed.). Maryland, USA: American Society of Photogrammetry and Remote
Sensing. 

38

Mikhail, E. M. and F. Ackermann (1976). Observations and Least Squares. University
Press of America

Mikhail, E. M., J. S. Bethel, and J. C. McGlone (2001). Introduction to Modern
Photogrammetry. Wiley. 

Palais, B. and R. Palais (2007). Euler’s fixed point theorem: The axis of a rotation.
J. fixed point theory appl. 2, 215-220. 

Raguram, R., O. Chum, M. Pollefeys, J. Matas, and J.-M. Frahm (2013). USAC:
A Universal Framework for Random Sample Consensus. IEEE Transactions on
Pattern Analysis and Machine Intelligence 35 (8), 2022-2038. 

Rao, R. C. (1973). Linear Statistical Inference and Its Applications. New York: Wiley. 
Rodriguez, O. (1840). Des lois géometriques qui regissent les deplacements d’un

système solide independament des causes qui peuvent les produire. Journal de
mathématiques pures et appliquées 1 (5), 380440. 

Sansò, F. (1973). An Exact Solution of the Roto-Translation Problem. Photogrammetria
29 (6), 203-206. 

Vaseghi, S. V. (2000). Advanced Digital Signal Processing and Noise Reduction. Wiley.
Weber, M. (2003). Rotation between two vectors. Personal communication, Bonn.


