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3.6 Quaternions

Motivation

= Representations
* Many parameters (R)
= 3 or 4 parameters (Euler, axis angle)
- contain trigonometric terms
>Representation with 4 parameters
= Interpretable
= No trigonometric terms
= Unique except sign

Excellent visual tutorial on quaternions: https://eater.net/quaternions
For this video see Forstner/Wrobel (2016), p. 332-338

Representation of Quaternions

1. Pair of scalar and vector

a=(q.9)
2. 4-vector
q0
_ |l @ | |9
& q2 [ q ]
qs

3. Hyper-complex number

q=qo+iq +jgo+kqs with 2= ;>




Special quaternions

1-quaternion (1,0) or e[14] or 1
Unit quaternion
@?+gP=1 or |q=1 or g+@+Z+g¢=1
* {: conjugate quaternion (see complex numbers)
q

(g,—q) or { B . Qi — q2j — qak

= Pure or vector quaternion, scalar part is O

0 . .
(0,q) or {q} or qui+ q2j + g3k
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Algebra of quaternions

= Addition
P = q+r (pp)=(¢g+r,q+r)
Do do +To
N A P
D3 q3 + 13
P = a+r  (po+70)+ (pr+7)i+ (p2+72)j + (p3+73)k

Algebra of quaternions

= Multiplication, not commutative

p=qr (p,p) = (gr—q-r,rq+qr+qgxr)

Hamilton’s (1805-1865) goal

Integrate scalar and vector product

1. For pure quaternions q = (0,q) and r = (0,7)
p=gr: (p,p)=(-q:T,gxr)

Po qoTo—q17T1 — q2T2 — Q373
p =qr P1 | _ | @Tot Qor1—gsT2 + qars
D2 G27T0+q3r1 + qor2—qi73
P3 q3T0—q2r1 + q172 + qoTs

use i = j? =k?

=ijk=-1 >ij=k=—ji

etc.

2. (1843) Hypercomplex numbers 4 = qo + q1i + g2j + g3k

Here as he walked by
on the I6th of October 1843
Sirwilliam Rowan Hamilton
in a flash of genius discovered
the fundamental formula for
quaternion multiplication

i’=j=k'=ijR=-1 g
| & cutit onastone of this bridge

i= —




Multiplication is bilinear

Product
Po qoTo — 4171 — 4272 — 4373
p=qr P1 | _ | @170t qGoT1 — g3T2 + qaT3
D2 gzro + ¢ar1 + Qo2 — q173
D3 q3ro — q2r1 + 172 + qoTs
» with

qo | —q1 —q2 —43

= Tq4r
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Multiplication is bilinear

Product in reverse order

Po qoTo — q1T1 — g2T2 — 4373
p=qr P1 | _ | @1Tot+ qoT1 — G372 + g2T3
P2 Q270 + q3T1 + qoT2 — Q173
. P3 q3ro —q2r1 + q1r2 + qoTs
= with
ro \ —ry —re T3
T _ (] 0 T3 —T9 _ |: T —’PT :|
T v | —rs g T Tl r rig—S5,
r3 r2 —T1 To
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T | @] % —4 ¢ _| 9 -q"
4 @2 @B Q@ —q g qlz3+ 5,
43| —q2 @1 4o
9
Inverse quaternion
Inverse quaternion w.r.t. multiplication
q '=q/lql
= conjugate quaternion
4o .
= q = | |1 O
= %)= |-le 2
—q3

= quadratic norm
d*=aa=¢+qq=q +q +d + g5
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Properties of Multiplication Matrices

We have for quaternions and their matrix

» inverse quaternion <-> inverse matrix
Tea=Ts"

* conjugate quaternion €<-> transposed matrix

Tq:Tg

» for unit quaternions e = q/|q|~> orthogonal matrices

TITe=1y and T.Te=14

12
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Rotations with Quaternions Double Multiplication
Given: point p(p) , axis r , angle ¢ Expand p’ = qpq !
ht: inty'(p’ 1 _ 1 =
Sought: rotated pointy/(p’) P o= a0 = s To(Tap)
lal [¢]
1. Choose adequate quaternion p(p) _ b { q —q" ] { q q’ ]p
2. Choose adequate quaternion q(r, ) la? [ @ als+S5q || -9 dals+ 5
3. Perform double multiplication Yields i
p' =apq ' [p’ ]_1 g e iy P
: = —qq"l
4. Derive p’ from p’ 4 g | ¢ T4 99 —qq I3
P P 99 —qlsq  aq" + (ql3 +S,)?
13 14
Double Multiplication Rotation Matrix Rg(q) with Quaternions
1. .
o p=p 9= W(qu +(gls +5,)°) p Proof: We compare o
o - 2 RQ(QFW((Q —q'q)l3+2D,+2qS,)
R with =
Using S? =D, —q"q I3 yields rotation matrix Ryg(r,0) = cos@ I3 + (1 —cosd) D, +sind S,

Assume unit quaternion q ,||qa|| =1

_ 1 2 T
Rola) = lal? (¢ —a'a)ls +2Dg +245,) - three constraints between (r,0) and (g, q)

_ 2 (12
@+at—a—a  2(mee—qous)  2(q193 + Gog2) Coself = (@ —ld) s (L

Rq = PR 2(q2q1 +q09s) a5 —ai+ a3 — a3 2(q2q5 — qoq1) (1—cosf) rr' = 2qq" (2)
2(g3q1 — q092)  2(G@2 +qo@) @ —d; — 4+ a3 sinf S, = 2¢8, 3)
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Rotation Matrix Rg(q) with Quaternions Rotation with quaternion
Vectors g and r need to be parallel Choose unit quaternion
q=Jr 1 0
. 0
Thus lqll> = f* q = [ o0 3 } - 8 canl |
Hence (1) and (3) cost = ¢*— f* Al T 2 0 : i,
sinf = 2qf , g
cos 2a = cos® a — sin” o
Therefore with trigonometric relations  ,24 = 2cosasina with unit vector r of rotation axis and angle ¢
q= cosg and f= sing— * Elements of quaternion can be interpreted!
Fulfil condition (2) = constraints consistent = Quaternions for rotations: homogeneous entities!
(1—c039)=2f2:2sin2§ Ro(q) = Ro(pq) with p#0
17 18
Rotation with unit quaternion Rotations are points on the 3-sphere
If ||q|| =1 then the rotation matrix is = Unit quaternions are unit 4-vectors
= They build the 3-sphere 5% in IR*similar to
Rz = I3+2(gSq+ Sz) = the circle S* in IR? with all unit 2-vectors and O
1-2(@+¢d) 2ngs—qoas) 2 (q19s +go0) = the sphere S? in IR® with all unit 3-vectors
- 2(eq1 + q0q3) 1-2(@+¢2)  2(qe—qq) = The sphere has no border and is smooth everywhere
2(g3q1 — qog2)  2(g3q2 + o) 1—2(qf +¢3) = No singularity
= Bilinear in the elements of q, quadratic constraint = Only sign ambiguity (for unit quaternions)
= No trigonometric terms Rqo(a) = Ro(—a)
19 20
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Examples (1,2/3)

1. Rotation matrix

0 1 0
R=]10 0 1
1 0 0

2. Rotation matrix O

1120° . -
ST/ -

1
correspondsto a=3 |
1

2

1 0 0
R=|0 -1 0 correspondsto q=
0 0 —1

21

Examples (3/3)

3. Rotation in the plane depending on 2-vector

1 a —b
R(a) — 7‘12-{-1)2 |: b a :|

1 ; 0 -1
= W (Cbl’g + 651) with 51 = |: 1 0 }
corresponds to rotation Rq([qo, 0,0, ¢3])

around z-axis

22

Questions to 2D Rotation

= What is the relation between (a,b) and (qo,¢3) ?
= What is S7 ?
= Compare with the rotation with complex nhumbers

! . _ ; _ _atib
p'=rp with p=x+iy and T= T
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Rodriguez parameters m

Rodriguez (1840) proposed rotation with 3-vector m

T T
1
q= [lag:gag] = |}w §mT:|

Scalar part of quaternion = 1
Equivalent to quaternion

q= (1,tang 'r) .

- Only useful if 6 # 180°, for factor V2 see later

24




Rodriguez parameters

Rotation matrix with

=0

i d4a®> -0 =2 2ab — 4e 2ac + 4b
Rrla,b,¢) = ——5—5—— 2ab + 4e 4—a?+0% —¢? 2bc — 4a
S S Syl e + 4a LR P

Rotation axis and angle
= |—m| and 6 = 2arctan(3|m|)

25
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Cayley Representation

With the quaternion
q=(1,u)=(1,tan gr)
we can show

13 + Su - RQ(q) (Ig — Su) and 1'3 + Su - (1'3 — Su) RQ(C_[)

Hence we have the Cayley transformation (of —-S, )
Ro(w) = (Is+ Su)(I5 — Su) 1

or

Re(u) = (I3 = Su) ™ (Is + Su)
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Cayley transformation (optional)

Given an n x n matrix Awith no eigenvalue =-1

then a Cayley transformation* is
B=(-A){+A)"1=(+A"-A

with its inverse transformation
A=(1-B)(I+B)y = (I+B)"(/-B)

If A is skew, then B is a rotation matrix

* Alternatively: B, = (I+A)(I - A ' =B A= (B, — )(B. + )71
(Golub/van Loan 1996, p. 73; Wu et al. (2009), Sect. 3)
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Application: Rotation from Point Pairs

Given: pairs(x;, 1:),i = 1,...,1 of corresponding points
Constraint: y;, = Rx; (rotation not by 180°)
Sought: rotation matrix R C

O
—>Direct, non-iterative least squares solution

(more on estimating rotations from point pairs later)
28




02/03/2021

Application: Rotation from Point Pairs

Solution: use Cayley representation, starting from
Yy, = (I3 — SU)il("S + Su);
(Is —Su)y; = (Is + Su)x:
(Se; +Sy)u=z;—y, or Au=b 3.7 Concatenation of Rotations
with 37 x 3 matrix A= [S,, + S,,], 3[-vector b = [z; — y,]
Il linear in uw - least squares solution

% = min, |[Au— b2 = (ATA)'AT6 and R = Re(w)

Approximation (no use of uncertainty information)

29 30

Concatenation Concatenation of rotations with quaternions
Concatenation of two rotations R" and R” = rotation First rotation with q’
R=R'R P’ =dq'pq!
If rotations are parametrized by p’ and p” Second rotation with q”
>how do parameters p depend on p’ and p”? p'=q"p'q" ' =q'd'pq"'q" ' = (q"d)p(q"q) "
Thus R(a@) = R(d")R(d)
Euler angles: R(a, 8,7) = R(a”, 8", v"R(c/, B, ) q = q'd
No simple expression («,3,7) = f(o/, 8,7, a”, 8",4") q "¢ —q"-q
[ q ] B [ 79" +4d"'qd +9" x g

But for quaternions and Rodriguez and Cayley Observe: same order of multiplication

31 32
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Concatenation with Rodriguez form

Rodriguez representation uses special quaternion

If af all
m =V and m/ =| b’
cl Cff

then

2 (Gf + all) _|_ bICH _ bl!cf

Concatenation with Cayley form

Cayley representation uses special quaternion

If ,ul.’ uH

u =\ 2 and 4" = | v

wi w!.’

then

u 1 v +u” +vw" — "
s _— / /" T/ Hn, !
u= - Io ! Foyl! Tyl vVt +wu 'y
1 —u'u" —v'v w'w ’ " I "o
w w +w' +uv —u'v

34

2
m = b - 2 bl + b” + CICL” _ C!!af
@ 4—a’a =Y - 9 EC; + c”% +a'b — o'
33
Summary

»= Quaternions are 4-vectors

= Quaternions build an algebra

» Quaternions can represent rotations

* Purely rational, fraction of bilinear forms

= Space of rotations: unit quaternions = 3-sphere

= Close relation to axis and angle representation

» Special forms: Rodriguez and Cayley representation
= Easy concatenation
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Next lecture

3.8 Small and uncertain rotations

3.9 Relations
3.10 Rotations from point pairs

36
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