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Photogrammetry & Robotics Lab

3D Coordinate Systems
(Bsc Geodesy & Geoinformation)

1. Motions and Similarities in the Plane

Wolfgang Forstner

The slides have been created by Wolfgang Férstner.

Notation

Objects and their representation
objects: calligraphic
representation: scalars, vectors, matrices

e.g. 2D point 1 with coordinates
x(z,y) or x(z)

or a 3D rotation X with angles or rotation matrix

Rle,B,7) or R(R)

Notation

.
al

| =</3 0

Al =det A

= Frobenius norm A = 1/tr(AAT) =

= X, stochastical entities (underscored)
- Alternative notation for vector norm [

= absolute value
= vector norm*, length
= determinant

For this video see Forstner/Wrobel (2016), p. 196-205, 250-253, 261
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2.1 Basic 2D Transformations




Representation of 2D points

Coordinates:
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Translation
Shift of x to x’
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Rotation (1/4)
Rotation of x to x’
Polar coordinates
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Rotation (2/4)

... using the trigonometric addition formulas
o [ rcos(a+7)
Yy’ | rsin(a+7)

[ r(cos acosy — sina:sin )

| 7(sin arcosy 4 cos asin )

_ [ xcosy — ysiny
| zsiny + ycosy

?c’=i’i(?c):{m:}={cos’y —Sinv} [m}

sin«y cos 7y 1Y




Rotation (3/4)
Rotation of x to x’

R e
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Rotation (4/4)

Sign of sinvy : small angle

¥ = R(x) B]*H ?Hﬂ‘[%ﬁg

x -coordinate in 1. quadrant diminishes by v

|
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Dilation/Scaling

Dilation of x to x’

v=ow: [y ]=]5 ][]

)

= A>1 magnification

» 0<A<1 diminution

= A=-1 mirroring

= A <0 mirroring and magnification or diminution
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2.2 Homogeneous Coordinates
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Motivation - Problems (1/4)

1. How do we join translations and rotations?

Translation is additive
=xz+t
Rotaton and dilations are multiplicative

' = ARz

13

Motivation - Problems (2/4)

2. Concatenation is not commutative

X1 =M(x)=R(T(x) # 13 =M(x) =T(R(1)

First translation then rotation ﬁ
VS
First rotation then translation. @

Q: Do we need general proof or just an example?
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Motivation - Problems (3/4)

3. How to determine the inverse transformation?
Given M; : x| =M(x)
Whatis M ' : x =M '(x%) ?

Q: Do we need to concatenate the inverse
transformations or is there a simpler path?
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Motivation - Problems (4/4)

4. How does the situation change

if not the point is moved, but the coordinate
system?

E.g. shifting the coordinate system changes the
coordinates from x to 'z leaving the point x fixed

ly
Yy
. Q x(x)=x('x)

'x

x(lz) =T (x(x))

Q: How does this situation change the concatenxation?
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Homogeneous coordinates

= Easy concatenation and inversion
* Preserves collinearity of points
= Easy join of two points or intersection of two lines
= Classical tool of projective geometry
Here:
» Focus: angular preserving transformations,
no perspective mappings
- Simplified representation
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Definition

Homogeneous element:

An algebraic element e is called homogeneous, if for
A #0 the algebraic Element \e represents the same
geometric element ¢ :

e(e) = e(Xe), AF#O.

Remark: In our context
the element ¢ may be a point or a transformation,
the element e may be a vector or a matrix.
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Homogeneous point coordinates

A point x with (non-homogeneous) coordinates @
has homogeneous coordinates

U &
x| v |[Z2w| y for w#0
w 1

The factor w may be chosen arbitrarily.

In our context we (can) use w=1 .
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Non-homogeneous from homogenous c.

For given homogeneous coordinates x

if w+# 0 the non-homogeneous coordinates are
u v
Pi= — y = -_—
w w

Remarks: A homogeneous vector [u,v,0]T with w =20
represents a point at infinity in the direction u,v|" .
We assume w = 1. This assumption is removed in
Photogrammetry or computer vision.
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Basic homogeneous transformations

= Translation

u 1 0 ¢t u
d |=|10 1 & v
w’ 0 0 1 w
or compactly
/ " 1 0 t,
x'=Tx with T—{OQT 1} 0 1 t,
0 0 1
Matrix T is homogeneous. Q: Why?
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Basic homogeneous transformations

» Rotation around origin by ¢

o’ cosp —sing 0 U
v/ | = | sing cosp O v
w' 0 0 1 w

or compactly

sing cose O

cosp —sing 0
x' =Rx with R:[ & ?]:
0 0 |
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Basic homogeneous transformations

= Dilation or scaling

or compactly

. Al 0
x' = Dx with D={01? 1]:[
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Basic homogeneous transformations
= Summary of transformations
T(T): =Tk % = Tx

R(R): x¥'=R(x) x = Rx
D) « =DF) % = Dx

I All transformations are

= matrix-vector product

* [inear transformations

- Easy inversion and concatenation
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2.3 Inversion
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Inverting homogeneous transformations

Given transformation 4 : x' = Ax
its inverse is

B—2"1': x=Bx with B=A"!
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Inverse transformations

= Translation

[ =]
I == 0T 1
= Rotation 5 _ "R 0] [R" o
"o 1] ]o0o" 1
— L o7 11 0" )
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2.4 Concatenation
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Concatenation

Given two transformations
M (My) and Mz(My)

First applying M, then M, yields

M=MoM : x =M(Mx))
Or

M = Mg o % i x = M2 (Mlx) = M2M1X

Concatenation = matrix multiplication
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Example 1: Similarity

Similarity transformation
S(S) = T (tz,ty) o R(}) o D(A)

or [ Acos¢p —Asing
S(Xiditealy) = Asing  Acos¢  ty
0 0 1

or linearly, without trigonometric expressions

0 0 1

[« —-b ¢
Slapbind] = b a d
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Example 2: Motion of a frame

Frame = coordinate system
= for describing poses
= attached to point

Possibly including scale
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Example 2: Representation of a frame

= Rotation and translation (point, origin)

F: {Rt} eg {2,005}
= Transformation matrix

F Fz[(fr 11‘,] e.g. F=|:

* Tripod: origin, unit points

1

0

0
1 0
F: F=le el e e.g. F=10 1
1
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Motion of a frame

Similarity transformation of frame
Scaling, rotation, translation

Remark: interpretation = motion of ¢
as part of a moved object
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Motion of a frame

B AsGilnty] = Asing  Acoso
0 0

Frame after first similarity

F = [8’1,8'2,96}

Acos¢p+1, —Asing+t,
F'=| Asing+t, Acos¢+t,
1 1

ta

ty
1

te
t'y
1

|
|

= 51 F = [S:1e1, S1e2, S1€0) F
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Motion of a frame

Second similarity

peosy  —psinyg  ug
SQ(U:waumuy) - psing pcos Uy
0 0 1

Frame after second similarity

peosy  —psiny  uy
F'" =S3F = | usinyy pcosyy wu, | F'
0 0 1
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Motion of a frame

Frame after second similarity

F' = SsF" = S351F
or
{ Ap(cos(@p+ 1)) + vy —Au(sin(¢ + ¥)) + v,

Ma(sin(é+ ) + v, Ma(cos(@ + 1) + o,
1 1

with the origin after the second similarity

S B p(ty cosyp —t, singh) + uy
. Uy p(tysiny + t, cos ) + uy

|

Vg
Uy
1

|
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Comments

Concatenation is
* interpretable
= Scales multiply
= Rotations add
» First translation vector is transformed
* not very transparent in general
* Three or more transformations?
= Inversion of concatenated transformations?
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Next lecture

2.6 Passive Transformations and Local Systems
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